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Abstract
A typical Hall thruster is powered from a DC power supply and operates with a constant
discharge voltage. In operation, the discharge current is subject to strong low frequency
oscillations (so-called breathing oscillations). Recent studies have shown that not only can
these breathing oscillations be correlated with improved performance, but these oscillations
can be induced and controlled by modulating the anode voltage. In this work, a systematic
experimental study of the plasma flow in a modulated cylindrical Hall thruster was performed
to characterize the effect of natural and modulated breathing oscillations on thruster
performance. Measurements suggest that modulating the anode voltage in resonance with the
natural breathing frequency does increase the thrust, but a corresponding phase alignment of
discharge current and discharge voltage causes the efficiency gains to be insignificant. In
addition, the outward shift of the acceleration region causes the plasma plume divergence to
increase at the resonance condition and thereby, limit the thrust increase. Mechanisms
underlying the relative phase between discharge current, ion current, and discharge voltage are
investigated experimentally and corroborated with one-dimensional hybrid simulations of the
thruster discharge.

Keywords: Hall thruster, modulation, performance, plasma propulsion, breathing mode,
modeling

(Some figures may appear in colour only in the online journal)

1. Introduction

Hall thrusters, a widely used and mature technology for
spacecraft propulsion, are subject to large amplitude, low
frequency (up to 100% of steady state values, 10–30 kHz)
discharge current oscillations, commonly known as the breath-
ing mode [1]. This breathing mode is typically attributed to
the ionization instability associated with periodic depletion
of neutral gas propellant atoms in the channel. This induces
oscillations of other plasma parameters including plasma den-
sity, electron temperature, plasma potential, ion energy, and
ion flux. In addition to temporal changes of the plasma param-
eters, the breathing mode manifests itself as spatial changes
of these plasma parameters in the thruster channel, propagat-
ing along the channel in an ionization front. Several models

∗ Author to whom any correspondence should be addressed.

have attempted to describe the breathing mode, notably the
predator–prey model by Fife et al [2] and the more advanced
ionization global models by Hara et al, which includes electron
energy and loss mechanisms [3]. While useful for the identifi-
cation of the ionization and neutral depletion behaviour of the
breathing oscillations, these zero-dimensional models cannot
capture all associated physics, specifically the propagation of
the ionization front in the channel.

The amplitude and frequency of breathing oscillations are
dependent on the Hall thruster operating parameters: the mag-
netic field, discharge voltage, and the gas flow. For low power
thrusters, these oscillations can be controlled and even miti-
gated by enhancing the electron supply from the cathode [4]. In
addition, several recent studies demonstrated that these oscil-
lations can be induced and driven by modulating the anode
voltage with an additional AC power supply placed in series
with the main DC power supply [5–8]. Figure 1 shows a typical
modulation of thruster discharge voltage used in these previ-
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Figure 1. A typical oscillation of the anode voltage during
modulation.

ous studies. A key result of these studies is that the ionization
of the working gas (thruster propellant) can be enhanced by
modulating the anode voltage in resonance with the natural
breathing frequency [9]. The maximum increase of the ion
current measured in the plume occurred when oscillations of
the ion density and ion velocity come into phase due to the
anode voltage modulation. It was also proposed that the thrust
should also increase with the resonant anode modulation due
to the increased ion plume current and propellant utilization
[9]. Work by Wei et al describes the effect of natural breathing
modes on the performance of the thruster, showing correlations
between increased thrust and larger discharge current oscilla-
tions [10]. Yamomato et al demonstrated a small performance
increase with their ‘Volterra engine’, which allows the anode
voltage to oscillate as the impedance of the thruster changes
at breathing mode frequencies [11, 12]. Work by Tamida et al
demonstrated an increase up to 30% in thruster efficiency by
pulsing the anode voltage at frequencies close to the natural
breathing frequency, which de-phased the discharge current
and discharge voltage oscillations and lowered input power
[13]. In references [11–13], the modulation approach was dif-
ferent from the work described here and no studies of these
effects on plasma parameters were reported, but their approach
to the design of the power supply appears to be relevant to
the approach described in this paper. Finally, the ability for
driven breathing oscillations to improve current efficiency was
also suggested by recent work [9], where it was demonstrated
that modulation of thrusters at breathing frequencies can sup-
press the spoke instability, which induces anomalous electron
transport across magnetic fields [14].

These results support the proposed hypothesis that inducing
such breathing oscillations may provide an avenue to increase
thruster performance. Improvement of performance through
such an alteration of operating regime would be of great ben-
efit towards the development of Hall thruster technology, par-
ticularly in the low power regime where efficiency remains a
problem. This study focuses on the application of such voltage
modulations on the cylindrical geometry Hall thruster (CHT)
[15].

In reference [16], it was shown theoretically that for a volt-
age modulated thruster, if the ion energy and the ion current
oscillate in phase, there is an increase in the fraction of high

energy ions which results in an increase of the thrust. For
example, for a thruster with sinusoidally oscillating ion energy
and ion current, the thrust is expressed as commonly measured
plume parameters [16]:

Thrust =

√
2MV i

e

(
Ii + Îi cos φi

V̂ i

4V i

)
, (1)

where, M is the ion mass, e is charge, V i ≡ ε
e (mean ion energy

per charge), Ii is the mean ion current, V̂ i is the amplitude of the
sinusoidally oscillating ion energy/charge, Îi is the amplitude
of the sinusoidally oscillating ion current, and φi is the phase
angle between ion current and ion energy oscillations. In the
derivation of equation (1), the ions were assumed to be singly
charged and no plume divergence was considered; a more gen-
eral expression should account for multiple charged ions and
plume angle. The coefficient 1/4 falls out of a simplification
of the expansion of the sinusoidal oscillation; the full deriva-
tion can be found in reference [16]. Following equation (1), it
is then expected that for the amplitudes of the anode voltage
considered in this paper (V i = 220 V; V̂ i = 40 V; Îi = Îi), the
thrust would improve by 6%, assuming the mean ion energy
remains constant and full oscillations of the ion current are
achieved. Similarly, the discharge power of the thruster can
be expressed as:

P = IdVd + ÎdV̂d cos (φd) /2, (2)

where Id is mean discharge current, Vd is mean discharge volt-
age, Îd is the amplitude of discharge current, V̂d is the ampli-
tude of discharge voltage, and φd is the phase angle between
discharge current and discharge voltage.

In this work, a permanent magnet version of the low power
(100–200 W) 2.6 cm CHT was investigated. Both thrust
and power were measured alongside each of these individual
parameters to determine the magnitude of the thrust improve-
ment, as well as which parameters limit further improvement.
Thruster performance did not improve as anticipated, and so
in an effort to understand causes for this discrepancy and to
determine how the thruster plasma changes during modula-
tion, we conducted 1D hybrid simulations of a modulating
Hall thruster with input parameters and magnetic field pro-
file corresponding the CHT. Section 2 presents an overview of
the experimental diagnostics, the CHT, and the computational
model used in this work. Section 3 describes the experimen-
tal results; in particular, measurements of performance and all
parameters of equations (1) and (2). Section 4 discusses the
results of the simulations, which predict the ionization front
traveling along the channel of the modulating thruster and
demonstrate how it affects the ion energy, ion current, and the
resulting phasing.

2. Experimental setup and computational
approach

2.1. Facility and thruster

All experiments were conducted in a small Hall thruster exper-
imental facility described elsewhere [17]. This facility consists
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Figure 2. 2.6 cm CHTpm2 with tungsten filament cathode, planar
probe and emissive probe.

of a 0.4 m3 vacuum chamber equipped with a turbomolecular
pump and backed with a mechanical-blower pumping system.
With a xenon flow rate of 4 sccm, this system is capable to
maintain a background gas pressure in the vacuum chamber
not exceeding 10−5 Torr. Gas flow rates were measured with
a 10 sccm MKS flow controller calibrated with xenon with
±0.1 sccm uncertainty in the applied mass flow.

In previous studies [9], the effect of externally driven
breathing oscillations on the thruster discharge was investi-
gated using a 2.6 cm cylindrical Hall thruster with two electro-
magnets and a thermionic hollow cathode [17]. In this work,
we use a permanent magnet version of this thruster with the
magnetic shield (figure 2). This thruster is described in refer-
ence [18] where it is referred to as the CHTpm2. With the mag-
netic shield, the magnetic field topology (figure 3) is similar to
the magnetic field topology of the CHT with electromagnets
[18, 19]. Since this study involves thrust measurements using a
high resolution and high sensitivity (±0.02 mN) thrust-stand,
the choice of thruster with permanent magnets was dictated
by lower operating temperatures of this thruster (�200 ◦C)
as compared to its electromagnet counterpart (∼400 ◦C). A
lower temperature of the permanent magnet CHT is due to the
absence of electromagnet coil heating which can be significant
for miniaturized Hall thrusters.

The CHTpm2 was operated with a thoriated tungsten fila-
ment as the cathode. In previous studies [20], it was already
shown that the electron emission current produced by the
thermionic filament is capable of sustaining a typical CHT
discharge with a current of up to 1.5 A. The heating of the
filament was maintained so as to achieve saturation of the
discharge current (so-called ‘current overrun’ regime [4]). In
this paper, unless otherwise stated, we discuss results for the
thruster operating with a discharge voltage of 220 V and 40 V

Figure 3. Magnetic field (simulations) for the 2.6 cm diameter CHT
with permanent magnets and magnetic shield. Blue regions
comprise the magnetic core (low-carbon steel), green regions are
SmCo permanent magnets, the red region is boron nitride, and black
is the anode (non-magnetic stainless steel). Reproduced with
permission from [18].

amplitude modulations which ranged in frequency. The dis-
charge voltage and current were measured with a digital oscil-
loscope at a sample rate of 2.5 MHz and a 1 Ω current
shunt.

2.2. Diagnostic setup

The following diagnostics were used in this work: planar
probes to measure plasma density at the channel exit, emissive
probes for plasma potential measurement at the channel exit,
a movable ion flux probe for plasma plume characterization, a
retarding potential analyzer (RPA) for the determination of the
ion energy distribution function (IEDF) in the thruster plume,
and a torsion balance thrust stand to measure the thrust and
deduce the thruster performance, including specific impulse
the thruster efficiency.

2.2.1. Plasma density, plasma potential and plume properties.
The probe setup consists of several electrostatic probes to mea-
sure plasma density, plasma potential, and total ion current. A
schematic of the probes can be found in figure 4. Ion density
ni was measured by a −40 V negatively biased planar probe
placed at the thruster exit (figure 2). The planar probe was
constructed of 0.74 mm diameter tungsten wire and 1.22 mm
diameter alumina tubing with the tungsten collecting surface
flush with the end of the alumina tubing. The probe design has
been used in previous works and further details can be found
in reference [21]. Plasma density was deduced from the mea-
sured ion saturation current Iis, assuming a thin sheath [21]:

Iis = 0.61nievBAp = 0.61nie
√

Te/MAp, (3)

where Iis is the measured saturated ion current, ni is the ion
density, vB is the Bohm velocity, Ap is the probe area, Te

is the electron temperature, and M is the ion mass. During
breathing oscillations, the measured ion probe current oscil-
lates too. According to equation (3) the probe current can
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Figure 4. Schematic of the experimental setup.

oscillate due to oscillations of the plasma density or the elec-
tron temperature or both. In the present work, the electron
temperature was not measured. However, assuming that the
electron temperature changes proportionally to the anode volt-
age during modulation [22], and taking into account that the
maximum voltage oscillations are ±40 V (18% of the mean),
we can anticipate maximum changes of the probe current due
to electron temperature oscillations to not exceed ±10% of
the steady state value due to the square root dependence. In
contrast, both the measured probe current and discharge cur-
rent oscillations may be as strong as 100% of their average
values. This implies that the measured probe current oscil-
lations are mainly due to oscillations of the plasma density.
Here, we also assume that during the modulations, the planar
thin sheath assumption remains valid. Therefore, the impli-
cation of the probe current oscillations as the result of the
plasma density oscillations is consistent with results of sim-
ulations described in section 4. Consequently, the relative
plasma density across regimes were measured rather than the
absolute values.

Oscillations of the plasma potential were measured using a
floating emissive probe placed at the same channel exit loca-
tion as the planar probe used for measurements of the plasma
density (figure 4). The electric potential was measured with
respect to ground. These measurements were used to moni-
tor changes of the placement of the acceleration region—the
region of high electric field in which ions receive most accel-
eration—with respect to the thruster exit. The difference
between the anode voltage and the plasma potential measured
with the probe defines the voltage potential drop inside the
thruster channel and may manifest changes in the placement
of the ionization and acceleration regions with respect to the
channel exit.

In addition to parameters of the plasma at the channel exit,
plasma plume properties including angular ion flux distribu-
tion and plume angle were deduced from the ion current mea-
surements using a 1 cm diameter planar probe biased nega-
tively−40 V with respect to ground. This probe has a guarding
sleeve around the probe collector to minimize possible edge
effects. Therefore, it is reasonable to expect that this probe
collects the ion flux from the area determined by the probe
diameter of 1 cm. The plume probe can be rotated with respect
to the thruster exit ±90◦, with a distance between the probe
and the thruster exit of 17 cm. This enabled measurements of
the half-angle plume divergence, which is defined as half the

angle at which 90% of the ion current is encompassed. The
plume divergence represents a direct loss of thrust as the radial
components do not contribute to the axial momentum transfer.
Conventional annular geometry Hall thrusters (so-called sta-
tionary plasma thrusters or SPT-type thrusters) typically have
plume half-angles between 40◦–60◦ [23–25], which is high
due to the existence of radial electric fields, collisions, and the
inefficient placement of the ionization region [26]. CHTs oper-
ate with higher plume angles than SPTs due to their large axial
magnetic fields which induces radial electric fields [27]. The
exact relation between plume angle and thrust depends on the
shape of the plume profile, as well as the ion velocity profile,
but a first order approximation [28] is:

ηdiv = cos θdiv, (4)

where ηdiv is the factor applied to thrust and θdiv is the plume
half-angle. Here it is assumed ion velocity does not change
with angle, as experimental measurements of ion energy on-
axis and 45◦ off-axis found velocity to decrease by at most
5%, although more accurate measurements of the divergence
factor would include this velocity-angle contribution. Plume
half-angle was found by measuring the ion plume with the
sweeping plume probe and calculated by:

0.95

(
πr2

p

∫ π

−π

ji sin θdθ

)
= 2πr2

p

∫ θdiv

0
ji sin θdθ, (5)

where rp is the distance between the probe face and the
thruster, ji is the measured current signal, and θ is the angle
of measurement from the thruster centerline. The errors asso-
ciated with total ion current and plume angle measurements
were found by the standard deviation of a series of measure-
ments taken at the no modulation case. This was found to be
±0.003 A for ion current and ±0.3◦ for the plume angle.

As with previous experiments, measurement uncertainties
are estimated to be ±1◦ for plume divergence [29].

2.2.2. Ion energy distribution function (IEDF). IEDF of ions
accelerated form the thruster was measured by a RPA placed
30 cm downstream of the thruster exit along the thruster axis.
The RPA operates by applying a positive voltage to a screening
grid with respect to ground, which repels ions of energy/charge
below the bias voltage and measures the remaining ions by a
negative biased planar probe. By sweeping this bias voltage
and differentiating the measured ion current with respect to
the voltage, the ion energy distribution is calculated. The RPA
in this work utilized a four-grid system, allowing greater preci-
sion in energy measurements, and has been used and described
elsewhere [20, 30].

2.3. Thrust and thruster performance

The thrust was measured using a torsion balance thrust stand
(figure 5) with an estimated resolution of 0.02 mN. The
thruster is fixed on the arm with a commercial (Riverhawk
6032-800) flex pivot. During the thruster operation, the thrust
force is applied to the arm causing the arm to displace with
respect to the pivot. The resulting torque is resisted by the flex
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Figure 5. A schematic of the thrust-stand used in the described
experiments.

pivot and is directly proportional to the steady-state displace-
ment of the thrust arm:

T = keff
(
x − xequil

)
, (6)

where T is thrust, keff is the effective spring constant, x is the
measured position and xequil is the equilibrium position. The
displacement is measured using a vacuum-compatible Micro-
Epsilon optoNCDT 1420 laser sensor. During the thruster
start-up, turn-off or significant thruster changes, the arm may
oscillate. For damping of these oscillations, eddy-damping was
implemented using a permanent magnet and an aluminium
block attached to the arm. Tensions exerted by the thruster
wiring and the flexible silicon gas line required direct measure-
ments of the effective spring constant keff . This was achieved
by measuring the arm displacement while electrostatic fins
applied a known force, following a method described in refer-
ence [31]. The fin voltage-force response was measured using
a precision balance over a range of fin separation distances.
The thruster efficiency, η, was calculated using the measured
thrust T, and the measured input parameters, including the
mass flow rate ṁ, and input power P, as η = T2/2ṁP. The
input power was calculated through the product of the mea-
sured traces of discharge current and anode voltage. Cathode
power losses were not included.

2.4. Measurement procedures

For thrust measurements, the following procedure was used
throughout all experiments described in this paper: the thruster
was ignited and allowed to run for several minutes to allow
the thrust stand to settle at the steady-state placement corre-
sponding to the balance between the thrust force and the pivot
restoring force. The arm displacement was then measured, and
the thruster was turned off. The displacement with time was
measured as the arm returned to equilibrium. A damped sine
wave of the displacement oscillations was fitted to determine
the equilibrium displacement at the time before the thrust was
turned off [17]. Then, the total displacement due to thrust was

Figure 6. Radial magnetic field of the CHT along the channel
median used in hybrid simulations. Annular, cylindrical, and plume
regions are shown for reference. Anode is located at the 0 cm axial
position while 5 cm is the simulation end.

calculated. After repeating this process at the same parame-
ters for a total of 5 times, the thruster would be kept off and
the electrostatic fin force-displacement would be measured to
re-calculate the effective spring constant.

Time-dependent IEDF was determined by utilizing the
entrainment of the oscillations with the anode voltage oscil-
lations. This equalizing of frequencies allowed the RPA col-
lector current signal to be separated by phase of the anode
oscillation to deduce the time-dependent IEDF. This proce-
dure is outlined in reference [32]. The same approach was
repeated for the analysis of the ion current oscillations. It
allowed the phase angle between these oscillations to be deter-
mined, which is one of the parameters in equation (1). The
phase shift between oscillating signals was then calculated via
the signal demodulation method.

Note that the plume probe displayed a low-pass filter effect
due to some capacitance in the system, which both slightly
smoothed out the data and added a time delay to the mea-
sured oscillating signal. This time lag was independently
measured without thruster operation by running a sinusoidal
current directly through the probe connected to the func-
tion generator to determine the phase shift-frequency relation.
This quantity was later applied to offset the measured phases.
Another quantity known to cause time lags was the transit time
for the ions to reach the probe. This was accounted for by cal-
culating the transit time from the known probe distance, L, and
the measured ion velocity, V i, as L/V i.

2.5. Hybrid code

In support of experimental efforts, we conducted an analy-
sis of a modulating thruster with a 1D fluid-kinetic hybrid
code developed by Hagelaar [33–35]. These simulations pro-
vided insight into the processes in the thruster channel through
which modulation affected thruster performance that were
difficult to measure experimentally. This hybrid code treats
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Figure 7. Measured discharge current and on-axis ion current density for the unmodulated CHT operating at the discharge voltage of 220 V
and 4 sccm mass flow: (a) time-trace of the currents, (b) FFT of the currents.

Figure 8. Measured discharge voltage, discharge current, ion energy/charge, and ion current vs time for the CHTpm2 operating at the
discharge voltage of 220 V with voltage modulations of ±40 V and mass flow of 4 sccm: (a) modulation frequency is 9 kHz, (b) modulation
frequency is 11 kHz.

ions and neutrals kinetically as particles through the use of
super particles in the particle-in-cell simulations, while fluid
equations describe the electrons. The code provides distribu-
tion of plasma properties in the axal direction along thruster
channel and, partially, in the near field plasma plume. Specif-
ically, the hybrid simulations were performed to answer the
following questions: (i) can a one-dimensional axial model
capture the measured resonant behaviour of modulation?
(ii) How the modulation affects ionization and acceleration
regions in the thruster channel? (iii) Why does the measured
phase behaviour exist (see section 3.4)?

The hybrid model operates in the following method: at the
beginning of each time step, the ion super particles are accel-
erated by the electric field in the system, after which the aggre-
gate positions are used to calculate plasma density (due to
quasineutrality). The electron temperature is then calculated
through the electron fluid equation for energy balance, which
allows the electric field to be calculated by the electron fluid
momentum balance equation. This allows the process to repeat
as the ions are stepped forward in time again. More informa-
tion on the hybrid model can be found in references [34–37].

This model incorporates an anomalous energy loss term W to
account for the electron energy that is typically lost to walls,
the radial dimension, or field fluctuations, and is of the form:

W =
3
2
νεTee−

(
2U
3Te

)
, (7)

where Te is electron temperature, ve is anomalous energy loss
frequency, and U is the reference electron energy. Both ve

and U are treated as simulation parameters to be adjusted to
fit the steady discharge case to experimental measurements.
This model of anomalous energy losses is further described in
reference [38].

A limitation of a one-dimensional model is that a CHT
uses a two-dimensional magnetic field topology with a diverg-
ing magnetic field, especially in the cylindrical part of the
channel (figure 2). Only the radial component of the mag-
netic field along the axis of the channel median was uti-
lized for these simulations (figure 6), however it is acknowl-
edged that in general simulating such a thruster requires three
or, at least, two dimensions. Other input parameters such as
thruster size, mass flow, and anode voltage were used from the
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Figure 9. Measured discharge current and ion current mean and amplitude as the function of the modulation frequency for ±40 V
modulation amplitude: (a) normalized amplitudes of the discharge and ion currents; (b) time-average discharge current and ion current. The
red line corresponds to the natural breathing frequency.

experimental regime. The thruster channel was separated into
two regions, the annular and cylindrical region, with differ-
ing wall losses, anomalous energy loss frequency, and Bohm
parameter for each. The electron-wall collision frequency was
set as 10 MHz in the annular region [33], 5 MHz in the cylinder
region, and 0 MHz in the plume. The energy fitting parame-
ter for anomalous losses U was set to 20 eV as in previous
simulations [39]. Measurements of the mobility, electron tem-
perature, and plasma potential from previous works [21] pro-
vided targets for parameter scans of the Bohm coefficient and
the anomalous energy loss frequency νε. The resulting Bohm
parameter was 3.0 in the annular region, 0.5 in the cylinder
region, and 1.0 in the plume. The anomalous energy loss fre-
quency νε was 4 MHz in the annular region, 4 MHz in the
cylinder region, and 10 MHz in the plume.

3. Results and discussion

3.1. Current response

The 2.6 cm CHTpm2 was modulated at a discharge voltage of
220 V with a sinusoidal oscillation of 40 V amplitude and vary-
ing frequency. The unmodulated discharge current and on-axis
plume ion current density is shown in figure 7, where the natu-
ral frequency of 10 kHz on both the ion current and discharge
current is visible in figure 7(b). Illustrative current and energy
responses measured in the plume at two frequencies of 9 and
11 kHz are shown in figure 8. Similar to previous experiments
with electromagnetic CHT [9], this permanent magnet CHT
exhibits a resonant behaviour too. Specifically, it was found
that at the natural breathing frequency of 10 kHz, the ampli-
tude of the current oscillations reached a maximum which was
approximately equal to the mean current value (figure 9(a)).
Measurements of the total ion current and the discharge current
revealed a dependency on the modulation frequency, which
increased with frequency with a maxima near resonance, but
remained higher above resonance than below (figure 9(b)).
This corresponds to an increase in the propellant utilization
from 102% at no modulation to 107% at the maxima with

associated error of ±2% from the ion current measurements
and mass flow uncertainty. This high propellant utilization
can be attributed to a significant population of multi-charge
ions that is typical for CHTs [29]. Note that discharge current
rose proportionally to the ion current and current efficiency
remained roughly the same at 50%.

The increase of the ion current at higher frequencies can
be explained by the observed changes in the phase difference
between oscillations of ion velocity and ion density. It was
predicted in reference [9] that modulating the thruster in res-
onance with the natural breathing frequency would cause an
increase in the ion current due to the ion density and ion veloc-
ity oscillations coming closer into phase. Our measurements of
the phase between plasma density at the channel exit and ion
energy in the plume (accounting for the ion transit time from
channel exit position) show that as modulation approaches
the resonance condition the phase lowers to a value of 60◦

(figure 10) and then, reduces even further at frequencies above
resonance. This behaviour of the phase difference explains the
increase of the ion current to its maximum value of 0.31 A
at the resonant frequency which does not drop significantly at
higher frequencies (figure 9(b)).

Measurements of the discharge and ion current phase φd

and φi found alignment of the ion current and measured
ion energy at resonance, while discharge current and dis-
charge voltage aligned at slightly above resonance at ∼13 kHz
(figure 11). As observed in equations (1) and (2), both dis-
charge power and thrust are maximized when the discharge
and ion phase are zero. Thus, to maximize the increase of
the thruster efficiency, oscillations of the discharge current
and the discharge voltage need to be out of phase to min-
imize the input power, while oscillations of the ion current
and the ion energy need to be in phase to maximize the thrust
power. Results shown in figure 11 provides some possibility
for such performance improvement to be realized. Specifically,
there appears to be desirable trends in differences between ion
(current and energy) and discharge (current and voltage)
phases (figure 11). Errors on the phase measurement are about
±3◦ for ion phase at frequencies near resonance and increase to
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Figure 10. The change in phase angle between ion velocity and ion
density as a function of the modulation frequency. Standard error in
ion velocity-density phase measurements is ±3◦. The red line
corresponds to the natural breathing frequency.

Figure 11. Measured discharge current–discharge voltage and ion
current–ion energy phase angles with respect to modulation
frequency for a modulated CHT. The red line corresponds to the
natural breathing frequency.

±25◦ off-resonance,while discharge phase error is much lower
at ±1◦ near resonance and ±2◦ off-resonance. Phase error is
discussed in appendix B.

3.2. Ion energy and voltage drop

Time-resolving RPA measurements in the plasma plume
showed that IEDF oscillations follow the externally driven
anode voltage modulation. This is in agreement with previous
measurements of the IEDF from CHTs using time-resolving
laser-induced fluorescence diagnostics [40]. Unlike the anode
voltage oscillations, the shape of the IEDF oscillations is not
always sinusoidal, appears to depend on the modulation fre-
quency. This non-sinusoidal shape is also observed in the

Figure 12. The effect of modulation frequency on the time-average
ion energy of a modulated CHT with voltage 220 V and modulation
amplitude ±40 V. The red line corresponds to the natural breathing
frequency.

discharge current (figure 8). RPA measurements revealed an
increase in the time-averaged ion energy as voltage modulation
frequency approaches the frequency of the resonant frequency
(frequency of natural breathing oscillations) (figure 12). This
is due to the reduction of the phase difference between the ion
energy and the ion current oscillations (figure 11).

It is important to note that the amplitude of the ion energy
oscillations decreases from 40 V at low modulation frequen-
cies (3–6 kHz) to 20 V at modulation frequencies near the
resonance (10 kHz) and at higher frequencies (figure 13(a)). A
reduction of the ion energy amplitude should limit the increase
of thrust (equation (1)). A smaller ion energy amplitude V̂ i

lowers the thrust by the second term on the right-hand side
of equation (1).

It is also interesting to look at the possible correlation
between IEDF oscillations and oscillations of the plasma
potential at the channel exit, which is indicative of changes
of the profile of the voltage potential drop between the anode
and the cathode. This voltage potential drop includes the ion-
ization and the ion acceleration regions of the thruster. The
measured plasma potential at the channel exit was found to
have little change in time-average value, and consequently
the time-average value of the anode to channel-exit volt-
age drop was relatively constant at 180 V. However, the
time-dependent changes of the voltage drop with the mod-
ulation frequency behave differently than the time-averaged
voltage drop. There were significant oscillations in the volt-
age drop that appeared to vary with the modulation fre-
quency. The amplitude of these oscillations appeared to lower
at high frequencies (figure 13(b)), much like the ion energy
(figure 13(a)). If the voltage drop inside the channel only oscil-
lates with ±20 V of the applied ±40 V amplitude, the remain-
der must be in ±20 V amplitude potential oscillations in the
plasma plume.

It is notable that the mean ion energy never exceeded the
maximum energy (180 eV) which a singly charged ion could
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Figure 13. (a) The decrease in the ion energy amplitude with modulation frequency and (b) the decrease in the thruster channel voltage drop
amplitude with modulation frequency. The red line corresponds to the natural breathing frequency.

Figure 14. Measured thrust (a) and efficiency (b) at varying modulation frequency for a CHTpm at 220 V and 4 sccm with modulation
amplitude 40 V. The calculated ideal modulated thrust and efficiency by equation (1) is shown for comparison. Error bars of thrust
correspond to standard deviation over multiple measurements, and error for efficiency includes mass flow uncertainty averaging ±3%. The
red line corresponds to the natural breathing frequency.

acquire by a monotonic acceleration in the voltage drop value
of 180 V. The ion energy amplitude approximately tracked
the channel voltage drop amplitude (figure 13). As such,
it is hypothesized that the oscillations of plasma potential
outside of the thruster has little effect on the ion acceleration.
This may be due to the large axial components of the magnetic
fields in the CHT causing the electric fields to have large radial
components. Accordingly, the potential drop outside the chan-
nel would result in radial ion acceleration, which the axially-
located RPA would not measure, nor would thrust increase.
Consequently, any movement of the acceleration region out
of the thruster would result in limitations on thrust in two
ways: lowered ion energy oscillations and increased plume
divergence.

3.3. Performance

Thrust was measured for the CHTpm2 thruster operating with
several modulation frequencies (0, 7, 9, 11, 16 kHz). For

all these modulations, the amplitude was 40 V. This was
the maximum achievable amplitude of modulations at which
the thruster operated without self-extinguishing the discharge.
Figure 14(a) shows that the thrust reaches its maximum value
at the resonant frequency of 10 kHz. The measured thrust
increase is 4%. This result is qualitatively in agreement with
predictions of reference [9] which attributes the thrust increase
to an increase of the fraction of high energy ions when oscil-
lations of the ion current and the ion energy are in phase. For
this in phase case, the maximum theoretical increase of the
thrust can be calculated using equation (1). Using the mea-
sured amplitude of the ion energy oscillations (AC compo-
nent), 40 eV, and the mean energy, 160 eV (figures 12 and
13), the theoretical thrust increase is 6%. This is more than
30% larger than the measured maximum increase of the thrust
at the resonance frequency (figure 14(a)). Note that errors in
thrust measurements here were found by the standard error of
all measurements at each regime and while this was on average
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±0.05 mN, the error at 11 kHz was quite high and comprised
about 50% of the measured increase. While slightly lower in
thrust improvement, the 9 kHz modulation frequency regime
showed similar gains with very small deviations between mea-
surements, which implies there is a definite thrust increase.
Despite the measured thrust increase, voltage modulations at
the resonance frequency appeared to have an insignificant
effect on the thruster efficiency (figure 14(b)). This is because
the input power also increases at the resonance frequency,
and any increases that were observed were within the high
uncertainty of efficiency measurements at ±3%. This high
uncertainty was in large part due to the mass flow error of
±0.1 sccm.

3.4. Plume divergence

The dependence of the plume angle on the modulation fre-
quency was found to be non-monotonic (figure 15). The plume
angle tends to be generally larger with modulations. The max-
imum increase of the plume angle (about 5%) with respect to
the non-modulating thruster case occurs near the resonant fre-
quency of the modulation. Error here is estimated to be roughly
±1◦ as with previous measurements with this diagnostic [29].
While this error is considerable compared to the changes in
plume angle, there is a clear trend with frequency with a
maximum at resonance. Despite relatively small changes in
the absolute plume angle, the increase of the plume diver-
gence could cause the reduction of the thrust due to defocus-
ing of the ion flow. The maximum reduction estimated as the
cosine ratio of the plume angle (60.8◦ for no modulation and
63.7◦ for modulating near resonance) could reach 10%. This
thrust reduction due to the increased plume divergence could
account for the lower thrust value measured with the mod-
ulation as compared to that predicted by equation (1). This
increase in the plume divergence is consistent with the outward
shift of the acceleration region during strong breathing oscil-
lations experimentally observed in other works for annular
Hall thrusters [41].

4. Modelling

With limited diagnostic capabilities inside the thruster chan-
nel, simulations of the CHT were conducted to determine the
mechanisms by which ion energy changed and the accelera-
tion region moved. Understanding why the discharge and ion
phase-frequency relationship exists is of interest, as it may
potentially help to find ways for performance improvements
for modulated thrusters

4.1. Simulation and experiment

In general, 1D hybrid simulations of the CHT resulted
in similar behaviour as what was measured experimen-
tally—propellant utilization, current utilization, and voltage
utilization were among similar levels, as well as the plasma
parameter-frequency behaviour already discussed. One key
difference was a natural breathing frequency of the oscilla-
tions, which in simulations was found to be 23 kHz, com-
pared to the 10 kHz of the experiments. Attempts to achieve

Figure 15. The effect of modulation frequency on the half-plume
angle of a CHTpm2 operating with 220 V with modulation
amplitude ±40 V. The uncertainties in the plume angle
measurements are ±0.3◦.

the same frequency during parameter scans of the simu-
lations were not successful, which may be due to several
factors such as the one-dimensional approximation of the sim-
ulations and poor knowledge of the anomalous mobility. The
one-dimensional approximation, as is used in this model, can
be especially critical for cylindrical thrusters with strong two-
dimensional effects. The value and profile of the anomalous
mobility remains one of the least known factors, despite its
strong influence on the breathing mode parameters such as
frequency and amplitude. Yet, another significant factor not
captured by the simulations are the temporal variations of the
parameters, such as electron mobility, which has been demon-
strated by recent experimental measurements [42]. Despite all
these limitations of the theoretical model, the modelling repro-
duces the main features of the experimental results, as can be
seen in the appendix in figures A.1–A.3.

4.2. Acceleration region movement

The acceleration region is defined as the region in which ions
are accelerated due to a high electric field. For annular Hall
thrusters, the ion acceleration region is typically located in the
region of high magnetic field where the electron cross-field
mobility is substantially reduced. For the CHT, the situation
is different as the magnetic field is highest near the anode and
decreases axially towards the exit. Experiments demonstrated
that the cross-field mobility is smaller in the cylindrical por-
tion of the thruster away from the anode [43]. As such, the
electric field profile in the CHT has no well-defined maxi-
mum and the acceleration region must be defined another way.
For the sake of this analysis aimed to qualitatively explain
experimental results, the acceleration region was defined as
the axial position at which ions are accelerated to 110 eV (half
the applied voltage). This energy level was partly chosen for
graphical convenience, as the associated acceleration region
position is near the channel exit, and it is important to note
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Figure 16. Outward movement of the acceleration region near
resonant modulation frequency for a simulated Hall thruster with
modulation amplitude ±40 V. Channel exit shown as a dashed line
for comparison.

it does not represent any boundary of the acceleration region
but rather an indicator of the position. The time-average posi-
tion of the acceleration region (figure 16) appears to move
outward to the thruster channel exit near resonant frequen-
cies (23 kHz), which is consistent with the measured increase
of the plume divergence shown in figure 15. Other defini-
tions of the acceleration region position, such as defining it by
a fixed low plasma, showed similar outward movement near
resonant frequencies.

4.3. Ionization region

It is commonly accepted that in Hall thrusters, the ioniza-
tion of the propellant gas occurs along the whole channel, but
there is a region of most intense ionization—the ionization
region—where ion density grows rapidly while the neutral
density is consumed. For the sake of our analysis of simula-
tion results and their qualitative comparison with experiments,
the placement of the ionization region in the thruster channel
was defined by the axial position at which the neutral density
was depleted by some predefined value. Neutral density expo-
nentially decreases with axial position, often with no defined
beginning nor end. This necessitates some definition of the
region which can be applied consistently across all simula-
tions, and so the bounds of the region were defined by when
the density had lowered by a portion of the total density. More
specifically, the beginning of the ionization region was defined
as the position at which neutral density fell 5%, while the end
of the ionization region was defined as the position at which
it lowered by 95% of the value at the anode. A comparison
across frequencies reveals that for voltage modulation with a
resonant frequency, there is significant spatial compression of
the ionization region (figure 17) which is also shifted closer to
the anode. Figure 17 displays the spatial position of the begin-
ning and the end of the ionization region with respect to the
anode placement.

Figure 17. Compression of the ionization region for a simulated
Hall thruster when modulating near resonant frequencies. The red
line corresponds to the natural breathing frequency.

Figure 18. Increase of electron temperature for a simulated Hall
thruster when modulating near resonant frequencies. Electron
temperature is taken in the middle of the ionization region with error
bars representing amplitude of temperature oscillations. The red line
corresponds to the natural breathing frequency.

This compression of the ionization region is driven by
the enhanced ionization rate due to the increase of the elec-
tron temperature in this region. A time-average value of the
electron temperature in the middle of the ionization region
increased by 1 eV at resonance from the natural value of the
non-modulated thruster (figure 18). Furthermore, the ampli-
tude of the electron temperature oscillations was amplified at
these resonant frequencies, allowing the peak electron temper-
ature to increase∼4.5 eV beyond the time-average value of the
unmodulated case (figure 18). This higher electron tempera-
ture corresponds to double the ionization rate compared to the
unmodulated case. For future studies, it will be important to
experimentally validate this predicted increase of the electron
temperature.
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Figure 19. Phase difference between anode voltage oscillations and current oscillations with respect to modulation frequency from (a)
numerical simulations of a CHT and (b) experimental measurements of a CHT with voltage 220 V and modulation amplitude ±40 V. The
red line corresponds to the natural breathing frequency.

Note that the simulations in this work did not include mul-
tiple charged ionizations, and so the propellant utilization did
not exceed 100%, nor was there an increase in the ion cur-
rent as was observed in the experiments. In simulations, the
ionization was observed as a moving ionization front, which
periodically travelled towards the anode as it increased in ion-
ization before disappearing near the anode where the elec-
tron temperature was too low to sustain an intense ionization.
The dynamics of the ionization front and associated motion
of the ionization region bear investigation as it is primarily
responsible for the phase-frequency relationship are shown in
figure 11.

4.4. Control of phase between discharge voltage and
current

Phasing between the current and the voltage is one of the
primary factors in whether thrust increases/decreases, and
whether input power increases/decreases: when the discharge
phase (discharge current vs discharge voltage) or ion phase
(ion current vs ion energy related) become zero, the discharge
power or thrust respectively increase. Experimental measure-
ments (figure 19(a)) and simulation results (figure 19(b)) of
the discharge and ion phase show a clear dependency of these
phases on the applied modulation frequency. In both experi-
ments and simulations, the ion phase falls to zero near reso-
nance, while the discharge phase becomes zero at a slightly
higher frequency. It is also notable that near resonance the
phase-frequency relationship appears linear (figure 19). Simu-
lations of the total ionization (ion source term integrated over
the simulation length) occurring in the thruster can explain
this linear relationship between modulation frequency and dis-
charge phase as well as the shape of the current oscillations.
This ion source term is closely related to the ion current,
and consequently the discharge current, due to the relative
timescale of ionization (∼10−4 s) and electron residence time
(∼10−7 s), as newly created electrons stream to the anode
and contribute directly to the discharge current. The total ion-
ization is related to the ion current by the current continuity

equation:

eA
∫ L

0
Sion∂x = Ii +

∫ L

0

∂ne

∂t
∂x, (8)

where A is the channel area, L is the simulation length, and Sion

is the ion source term, which is the product of neutral density
nn, plasma density ne, and the ionization rate coefficient K.
The ionization rate coefficient is the integral of the electron-
impact ionization cross section over a Maxwellian velocity
distribution f (v):

Sion = nnneK, (9)

K = 〈vσ〉 =
∫ ∞

0
v f (v) σ (v) dv, (10)

The ion current oscillations are governed by the oscillations of
all parameters in equation (9). As an example, oscillations of
the neutral density, plasma density, and ionization rate coeffi-
cient in the middle of the ionization region, as well as the total
ionization (source term integrated over channel) are shown in
figure 20, where all parameters have been normalized by their
time-average value. The sharp-tip shape of the total ionization,
and consequently the current, is initiated by the rise of the ion-
ization rate caused by an increase of the electron temperature,
which results in the rapid increase of the plasma density by
ionization of neutral atoms. This continues until the neutral
density is depleted, at which point the ionization sharply drops
until neutral density and electron temperature raise again for
the cycle to continue.

Time traces of anode voltage and the total ionization for
several modulation frequencies reveals a consistency in the
shape of these oscillations, but differences in the relative phase
between the ionization and voltage oscillations (figure 21).
The rise-time of ionization (τ ionize) appears to be consistent
across modulation frequencies, with the initial rise correspond-
ing roughly to the minima of the anode voltage. This basic
picture provides some insight into the phase-frequency rela-
tionship—if anode voltage oscillates too slowly, ionization
begins and depletes the neutrals before the voltage reaches
its maximum (negative discharge phase). If anode voltage
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Figure 20. Ionization source, plasma density, neutral density, and
ionization rate coefficient in the ionization region normalized to
their time-average mean vs time for a simulated CHT with
modulation frequency 22 kHz and amplitude ±40 V.

Figure 21. The oscillations of the total ionization in a simulated
Hall thruster for three modulation frequencies (20, 22, and 24 kHz)
with modulation amplitude ±40 V. Associated rise-time of
ionization is shown which appears constant with frequency.

oscillates too quickly, it may reach the maximum before ion-
ization reaches its own maximum (positive discharge phase).
For the generation of the maximum ion power flux, the ion-
ization should be at its maximum when the voltage is at the
maximum as that will increase the energy of the ions in the
thruster.

The linear phase-modulation frequency relationship can be
found to be due to this relatively constant ionization rise-
time. Due to the aforementioned timescales and relationship
between current and total ionization equation (8), the phase

Figure 22. Comparison between the discharge current-anode
voltage phase and total ionization-anode voltage phase vs
modulation frequency for a simulated CHT.

between the anode maxima and the ionization source maxima
corresponds to the discharge phase θdischarge (figure 22). The
discharge phase can then be written as the sum of the phase at
which the ionization begins to rise θthreshold and the phase over
the rise-time of the ionization τ ionize:

θdischarge = θthreshold + 2π f modτionize. (11)

Assuming the threshold phase and rise-time remain constant
over modulation frequency, the phase should remain linear to
the modulation frequency, which appears to be the case for
frequencies close to resonance (figure 19). The average thresh-
old phase at which the ionization front forms can then be
found through the y-intercept of the measured and simulated
phase-frequency data in figure 19. The experimental discharge
phase data provided a threshold voltage of 184 ± 1 V (phase
of −152◦ ± 6◦). The same method applied to the simulation
results provided a threshold voltage of 180 ± 4 V (phase of
−189◦ ± 19◦). These show the ionization wave forms after
the anode voltage reaches a minimum.

The consistency of the rise-time and the threshold phase
are of interest at these frequencies and bear some additional
analysis. The threshold phase close to the minimum of the
anode voltage is likely due to the combination of two factors:
(1) the replenishment of neutrals at this phase and (2) the rise
in electron temperature, which oscillates in phase with anode
voltage, from its minimum. It is important to note the con-
tribution of the electron temperature—figure 20 shows that
neutral density replenishes well before the ionization picks up
again, which corresponds to the electron temperature increase.
The ionization rise-time was calculated by determining the
average time between a 5% increase in the ionization source
and a 95% increase and has been plotted against modulation
frequency (figure 23). There it is observed that this forma-
tion time is initially about half the time at resonance com-
pared to the natural. As modulation frequencies approach res-
onance, the rise-time appears to decrease to a minimum. Here,
the timescale remains relatively constant over the frequencies
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Figure 23. The effect of modulation frequency on the ionization
front rise-time (time to formation), with associated minima at
resonant frequency. The red line corresponds to the natural
breathing frequency.

close to the modulation frequencies while the phase-frequency
dependence is linear. This minimum in ionization time appears
to be due to the increased electron temperature and plasma
density associated with the ionization region compression
(figures 17 and 18).

5. Conclusions

Modulation of Hall thrusters represents an alternative method
to alter thruster performance through electrical and ion phase
engineering. From a practical standpoint, modulation is an
attractive method to vary the thrust of a Hall thruster because it
can potentially simplify the conventional design of the space-
craft power processing unit (PPU). Due to the need to step up
a low DC voltage from solar panels to several hundred volts
for the thruster, voltage oscillations are already induced by the
DC Boost Converter, which are then smoothed out by a capac-
itor. If modulating is effective in increasing performance, this
would require minimal changes in the PPU to implement. With
a simple alteration of existing power supplies, it can poten-
tially be applied to any Hall thruster. By careful alignment of
the phases of ion current and ion energy oscillations, thrust can
be improved greatly compared to the same nominal discharge
voltage with no oscillations. Great care must be taken, how-
ever, to understand how the discharge current oscillates, or any
gains in thrust may be counteracted through gains in discharge
power. Experimental measurements of the phasing revealed a
slight difference between the ion current and discharge cur-
rent oscillations of about 30◦–40◦, indicating some capability
to control their phasing in CHTs. The phase of ion energy–ion
current was also found to align near resonance, spurring the
increase of thrust.

While the CHT displayed some increase in thrust while
modulating, it did not reach the ideal increase as cal-
culated by equation (1). The measured improvement did

Figure 24. Calculated, measured, and ideal thrust over modulation
frequency for a CHT with mass flow 4 sccm, anode voltage 220 V
and modulation amplitude ±40 V.

match that predicted by equation (1) when inserting the
measured plasma parameters, including plume divergence
(figure 24). The primary reasons that the measured thrust
was lower than this fundamental maximum modulated thrust
were found to be due to increased plume divergence and
lower ion energy amplitude. Further increases in performance
necessitate decreasing the plume divergence and increasing the
phasing between ion current and discharge current. The depen-
dency of ion and discharge phase on modulation frequency
provides some capability for throttling thrust and power in the
CHT. In addition, it would be interesting to explore the prac-
tical feasibility of predicted performance improvements with
higher amplitudes of voltage modulation. In this respect, we
encountered some difficulty in maintaining the CHT discharge
when plasma density amplitudes get too high as the thruster
may self-extinguish. Methods to maintain the discharge to
enable such high-amplitude oscillations may be necessary for
high-performance operation in such regimes.

The net thrust and discharge efficiency are the results of
the spatial amplitude profiles and phase alignments of vari-
ous plasma parameters. Our experimental results and simula-
tions show complex spatio-temporal behaviour of the ion cur-
rent, ion velocity and density during the breathing mode cycle.
Efforts towards understanding the time-dependent anomalous
mobility are critical towards developing simulations that can
accurate capture these modulated thrusters, as they remain the
largest uncertainty in simulations. The coupling of the ion-
ization and acceleration region remains an obstacle towards
the effort of controlling the plasma and performance, and so
the application of the modulation concept on thrusters with
high separation of acceleration and ionization regions, such as
multistage Hall thrusters, may lead to higher performance.
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Appendix A. Hybrid simulations

One-dimensional hybrid simulations obtained similar results
to the experimental regime despite the differences in magnetic
profile. These similarities are largely qualitative: comparative
trends can be found though the values are different. Sample
plots shown here include the discharge and ion current oscilla-

tion response to the input modulation frequency, which has a
clear peak at the natural frequency of the system (figure A.1).
Note that the amplitude Î is defined here as:

Î =
√

2 RMS
(
I (t) − I

)
(A.1)

Where I is the mean current. This formulation is equal to
the peak–peak value for an offset sinusoid, however may
give higher values for waveforms that are not sinusoidal,
as is the case in the simulated discharge and ion cur-
rents (figure A.1). The simulated thrust was higher than the
experiments (figure A.2), however they both appeared to
increase by about 5% near resonance. Curiously the maximum
thrust for both appeared to be slightly above resonance, how-
ever there were few thrust measurements experimentally more
measurements are required to make any conclusions. Like
thrust, efficiency was higher in the simulations, but showed
the same increase at low frequencies then decrease towards
resonance as measured experimentally (figure A.3).

Figure A.1. Comparison of current oscillation amplitude vs the modulation frequency for a cylindrical Hall thruster with input voltage
220 V and modulation amplitude ±40 V: simulations (left) and experiments (right). Amplitudes are normalized by the time-average value of
the current. The red line corresponds to the natural breathing frequency.

Figure A.2. Comparison of thrust vs the modulation frequency for a cylindrical Hall thruster with input voltage 220 V and modulation
amplitude ±40 V for simulations (left) and experiments (right). Error bars of experimental efficiency thrust correspond to standard deviation
over multiple measurements as well as mass flow uncertainty averaging ±3%. The red line corresponds to the natural breathing frequency.
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Figure A.3. Comparison of performance vs the modulation frequency for a cylindrical Hall thruster with input voltage 220 V and
modulation amplitude ±40 V for simulations (left) and experiments (right). Error bars of experimental thrust correspond to standard
deviation over multiple measurements. The red line corresponds to the natural breathing frequency.

Appendix B. Error of phase measurements

Due to the entrainment of the modulation frequency with the
discharge and ion current frequency near resonance, the mea-
sured phase angle between the ion energy and ion current
(ion phase), and the phase angle between the anode voltage
and the discharge current (discharge phase) was relatively
consistent across all oscillations. Analysis of the entire spread
of data revealed about 3◦ of standard error in the ion phase
measurement near resonant frequencies (figure B.1). At fre-
quencies further from the natural frequency of ∼10 kHz, the
standard error increased significantly: up to 25◦ for the ion
phase at 20 kHz. This is likely due to the loss of entrainment
as the natural frequency of the oscillations starts to dominate.
It is notable that at these off-resonant frequencies the stan-
dard error in the ion phase was much worse than the discharge

Figure B.1. Error of experimental discharge and ion phase
measurements vs modulation frequency for a cylindrical Hall
thruster with input voltage 220 V and modulation amplitude ±40 V.

phase. This is likely to do with the technique used to mea-
sure the total ion current, which assumed entrainment of the
oscillations (section 2.4).
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