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ABSTRACT

Two-dimensional particle-in-cell simulations in the (radial-azimuthal) plane perpendicular to the axial direction of a cylindrical E� B
Penning discharge are presented. The low-pressure discharge is self-consistently supported by plasma ionization from the electron beam
injected axially, along the direction of the external magnetic field. It is shown that with the increasing strength of the external magnetic field,
the discharge undergoes a sequence of transitions between several azimuthal modes. Azimuthal m> 1 spiral arm structures are excited at low
magnetic field values as plasma confinement improves and the radial density profile becomes peaked. With a larger field, spiral arms with
m> 1 are replaced by the m¼ 1 spoke mode, most clearly seen in plasma density. A transition from spiral arms to the spoke regime occurs
when the plasma potential in the center changes from weakly positive (or zero) to negative. Further increase in the magnetic field results in a
well-developed m¼ 1 spoke mode with additional small-scale higher-frequency m> 1 structures inside and around the spoke. It is shown
that while ionization and collisions affect some characteristics of the observed fluctuations, the basic features of the spoke and m> 1 spiral
structure remained similar without ionization. The role of energy conservation in small-scale high-frequency modes and spoke dynamics is
discussed. It is demonstrated that in regimes with the m¼ 1 spoke mode, additional m¼ 4 harmonics of the ion and electron fluxes to the
wall appear due to the square boundary. The frequency of the m¼ 1 mode is weakly affected by the geometry of the boundary.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0238577

I. INTRODUCTION

Magnetic fields improve plasma confinement and are often
employed to increase plasma density in low-temperature plasma devi-
ces. In typical applications with a moderate magnetic field, the elec-
trons are fully magnetized and confined by the magnetic field while
ions are only weakly affected by the magnetic field and can be con-
trolled by the electric field. Instabilities that occur in such partially
magnetized plasmas due to plasma inhomogeneities and electric fields
have long been a subject of active studies, e.g., see Refs. 1 and 2 and
references therein. Linear theory2,3 predicts a variety of instabilities
that may occur in partially magnetized plasmas. However, nonlinear
regimes and saturation of the instabilities have to be studied with
numerical simulations.

A straight cylindrical configuration with an axial magnetic field
and radial electric field (the so-called E� B configuration) is a proto-
type for the Penning discharges used in many technological applica-
tions.4 One of the intriguing and important phenomena that dominate
the radial plasma transport is a large-scale, m¼ 1 azimuthally rotating
structure, the so-called spoke, typically observed as a large-scale plasma
density perturbation. Such spoke-type structures and multiple helicity
modes in partially magnetized E� B plasmas were observed experi-
mentally in Penning and other E� B plasma systems5–13 and also
studied in numerical simulations under various conditions.14–18

Here, we study the spoke and spiral arm structures in a 2D
radial-azimuthal geometry using particle-in-cell (PIC) WarpX code.19

We study the square as well as the circular geometry of the external

Phys. Plasmas 32, 013511 (2025); doi: 10.1063/5.0238577 32, 013511-1

VC Author(s) 2025

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

 17 February 2025 00:53:35

https://doi.org/10.1063/5.0238577
https://doi.org/10.1063/5.0238577
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0238577
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0238577&domain=pdf&date_stamp=2025-01-31
https://orcid.org/0000-0002-1146-1633
https://orcid.org/0000-0001-6423-0778
https://orcid.org/0000-0003-4407-7395
https://orcid.org/0000-0002-9382-9963
https://orcid.org/0000-0003-3291-3341
https://orcid.org/0009-0003-7666-1956
https://orcid.org/0000-0001-8920-9908
https://orcid.org/0000-0001-6855-098X
https://orcid.org/0000-0002-5282-7152
https://orcid.org/0000-0002-4975-2743
mailto:mikhail.tyushev@usask.ca
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0238577
pubs.aip.org/aip/php


boundary. In both cases, Cartesian mesh is used, thus, avoiding the
issues related to the region near r¼ 0 in the cylindrical coordinates.
The code is run on the Mist server, https://docs.scinet.utoronto.ca/
index.php/Mist, of the Digital Research Alliance of Canada with one
GPU of NVIDIA V100-SMX2-32GB type per one separate simulation.
The general setup of simulations is similar to that of Ref. 20. Here, we
focus on the conditions for the spoke and spiral arms formations and
the role of ionization and consider the low-pressure discharge of 0.44
mTorr while the higher pressure of 40 mTorr was considered in Ref.
20. In this paper, we propose the mechanism for the spiral arms for-
mation, show the coexistence of the m¼ 1 spoke and m> 1 small-
scale high-frequency modes, and demonstrate that geometrical effects
of the square boundary result in the modulation of electron and ion
fluxes to the wall at the fourth harmonics of the spoke frequency. To
clarify the role of the ionization processes in the mechanism of the
spoke, we have performed the simulations by turning off all collisional
processes (including the ionization) and replacing the ionization with
equivalent electron and ion sources. In this study, we observe the for-
mation of the m¼ 1 spoke with roughly similar characteristics, thus,
demonstrating that the mechanism of the spoke instability is not
related to the ionization processes.

In Sec. II, the PIC simulation model and the parameters of simu-
lations are described in detail. In Sec. III, we investigate the role of the
electric field in the structure excitation and demonstrate the transitions
between the m> 1 spiral arms and the m¼ 1 spoke regimes. The role
of energy conservation in the spoke formation is discussed in Sec. IV.
In Sec. V, we show the coexisting m¼ 1 spoke and multiple m> 1
high-frequency modes. The effect of ionization on the spoke formation
is discussed in Sec. VI. In Sec. VII, we examine the effects of geometry
on the spoke dynamics. Section VIII provides a summary and discus-
sion of the results.

II. THE SIMULATION MODEL

The setup of our numerical experiments aims to reproduce the
conditions similar to experimental conditions for Penning discharges
and ion plasma sources.7,12,13,21 In our simulations, plasma discharge
is supported by the ionization from the energetic electrons injected
along the magnetic field in the y-direction (outward of the page in
Fig. 1). The electron beam is uniform and injected into a circular
region of a radius R ¼ 1:5 cm (Fig. 1). In addition to one-step electron
impact ionization Ar þ e ! Ar þ eþ e, for electrons with the energy
above 15:7 eV, excitation reactions Ar þ e ! Ar� þ e, with the excita-
tion energy of 11:55 eV, and elastic collisions are included. The
electron-neutral isotropic scattering cross sections included in WarpX
distribution were sourced from Ref. 22, excitation cross sections from
Ref. 23, and ionization cross sections from Ref. 24. The beam electrons
are injected along the magnetic field in the direction opposite to the
field with Eb ¼ 30 eV axial energy and Maxwellian Te ¼ 5 eV temper-
ature throughout the whole simulation duration. The background neu-
tral gas is maintained at a constant density throughout the simulation.
The injected electron beam is represented by macroparticles intro-
duced at each simulation time step, corresponding to the total beam
current of 1mA. Technically, in two-dimensional geometry, which
neglects the third direction, the injected current along the unresolved
direction should be measured in units of the current per unit of length,
A/m. This dimension however can also be absorbed directly into the
cell volume,25 allowing the units of the injected current to remain in

Amperes. The parameters of the simulations for the base case are given
in Table I.

The 2D simulations are performed on a uniform Cartesian grid
in the x–z plane, with particle velocities in 3D vx � vy � vz space. A
uniform axial magnetic field in the y-direction is applied perpendicular
to the simulation domain, all incoming particles are absorbed at the
outer boundary with Dirichlet conditions for the potential, U¼ 0. In
the base case simulations, we use rectangular geometry for the dis-
charge boundary, as shown in Fig. 1. In Sec. VII, we examine the effect
of a circular grounded boundary.

The simulation domain spans Lx ¼ Lz ¼ 10 cm and is discretized
into a grid of nx � nz ¼ 256� 256 cells in the x- and z-directions,
resulting in a mesh resolution of Dx ¼ 0:39mm. This resolution
adequately resolves the Debye length through the simulations, as
confirmed by direct calculations of electron temperature and plasma
concentration in each cell. For the parameters of our simulations,
at the center of the domain with B ¼ 100 G, we obtain the density of
n ¼ 1015 m�3 and temperature of Te ¼ 5:5 eV. This results in a ratio
of Debye length to mesh resolution of kD=Dx ¼ 1:41. Similarly, the
minimum ratio for a magnetic field of B ¼ 50 G is 2, and for B ¼ 220 G
the Debye length is resolved by a factor of 4.

The simulation time step is Dt ¼ 50 ps that resolves the electron
cyclotron period and local plasma oscillation period satisfying the

FIG. 1. Cross section of the modeling region. The base case simulations are per-
formed with a square boundary. Section VII simulations are done with a circular
boundary. The potential of the boundary is zero in all cases.

TABLE I. Physical parameters for the base case simulations with argon.

Property Symbol Value

Magnetic field BðGÞ 10, 50, 100, 220
Electron beam energy EbðeVÞ 30
Electron beam current IeðAÞ 0.001
Neutral temperature TnðKÞ 300
Neutral pressure PnðmTorrÞ 0.44
Neutral density nnðm�3Þ 1:4� 1019
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practical criteria of xpe;ceDt < 0:2.26 The electron cyclotron frequency
for simulation with magnetic field of B ¼ 100G is xce ¼ 1:75
� 109 rad=s, and the characteristic value of plasma frequency is xpe

¼ 1:78� 109 rad=s for np ¼ 1015 m�3. The spatial grid and time step
are chosen to ensure that the Courant–Friedrichs–Lewy (CFL) condi-
tion is comfortably met. For the fastest particles, whose velocity is
approximately equal to v � 3vthe ¼ 4� 106 m=s for temperature
Te ¼ 5 eV, we have CFL ¼ ffiffiffi

2
p

vDt=Dx < 1. Each macroparticle is
equivalent to 312 500 real particles for simulations with Argon gas,
both for electrons and ions. This value results in an average of 145 par-
ticles per cell (PPC). In simulations, the magnetic field is included for
electrons and ions. Plasma remains quasineutral to a high degree on
average and for perturbations, as seen from the comparison of electron
and ion densities in Fig. 2.

In simulations, injected electrons’ energy exceeds argon atoms’
ionization energy and most of the energy for ionization is provided by
the electron beam. Additional energy can be deposited from the radial
current and potential drop across the radial direction.20

Our study does not consider axial losses and ion collisions, thus
all ions created by ionization reach the grounded electrode radially. In
the actual 3D geometry, a fraction of ions created by ionization is lost
axially. Since our simulations do not include the y-direction, such axial
losses are not accounted for. Assuming that all ions are collected radi-
ally by the grounded electrode is a reasonable approximation for a dis-
charge that is very long in the axial direction, since the axial losses
scale as R=L < 1, where R and L are the characteristic dimensions in
radial and axial directions, respectively. Although axial losses could
theoretically be simulated in 2D geometry by removing ions at a cer-
tain rate, this was not done in this study. At 0:44 mTorr, the ion mean
free path is large and ions can be assumed collisionless. Investigating
these effects and developing methods to represent boundary condi-
tions along the y axis in a 2Dmodel are left for future work.

III. THE AZIMUTHAL STRUCTURES AND MODE
TRANSITIONS

In this section, we demonstrate the sequence of transitions in the
structure of the azimuthal modes occurring in the discharge as the
magnetic field is increased. Figure 2 (Multimedia views) displays a
sequence of 2D maps representing the electron and ion density for
four values of the magnetic field from 10G (the first row) to 220 G
(the last row). Figure 3 shows the radial profiles of plasma parameters
for the same values of the magnetic field. Note that while Fig. 2 shows
instantaneous values, Fig. 3 shows time-averaged radial plasma param-
eters in the saturated state. The time window averaging for B ¼ 10 G
and B ¼ 50 G is the last 500ls. For B ¼ 100 G, it is the last 1960 ls,
equivalent to six spoke cycles. For B ¼ 220 G, it is the last 2000 ls,
equivalent to 50 spoke cycles.

At the lowest magnetic field intensity of B ¼ 10 G, one observes
mostly uniform (symmetric) plasma density with little signs of any
structures. For the larger magnetic field of B ¼ 50 G, we observe the
excitation of the azimuthal m> 1 spiral arm structures [Fig. 2(b)].
Similar structures were also observed in simulations of Ref. 27. Further
increase in the magnetic field to B ¼ 100 G results in a large-scale
m¼ 1 coherently counterclockwise rotating structure along with E
�B drift, the so-called spoke. The m¼ 1 slowly rotating structure
coexists with fast spiralm> 1 modes that occur at the edges and inside
of the m¼ 1 mode. Further increase in the magnetic field to B ¼ 220
G leads to a more intense and violent spoke structure which also shows

additional structures (blobs) that break away and move radially from
the rotating spoke. Figure 3(a) illustrates that, with an increasing mag-
netic field, plasma confinement improves, resulting in higher plasma
density. This trend persists from B ¼ 10 G to B ¼ 100 G. However,
one observes that for B ¼ 220 G, the average plasma density drops
again due to the large radial transport from the intense spoke and radi-
ally moving density patches/blobs.

The transition from quiescent state at B ¼ 10 G to the spiral
arms and then to the spoke at a higher magnetic field is a result of
marked changes in the radial electric field. For low magnetic field val-
ues (B¼ 10, and B¼ 50 G), the radial electric field is zero or mildly
positive, while for the stronger field the radial electric field changes
sign and becomes negative (inward). Figures 2 and 4–6 present

FIG. 2. Snapshots of the electron (left) and ion (right) densities for different magni-
tudes of the magnetic field: (a) B ¼ 10 G at 6:71� 10�4 s; (b) B ¼ 50 G at
8:86� 10�4 s; (c) B ¼ 100 G at 2:96� 10�3 s; (d) B ¼ 220 G at 1:27� 10�3 s.
Multimedia available online.
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snapshots of the characteristic behavior of plasma parameters in the
transition from spiral arm structure to spoke structure.

The spiral arm structures appear in the regime with zero or
weakly positive electric field as also shown in our earlier simulations.20

It was suggested in Ref. 27 that the spiral arm structures are the result
of resistive (dissipative) gradient drift instabilities. Such instabilities are
essentially driven by the current perpendicular to the magnetic field
and can be induced by either the electron or ion flow (or both). They
belong to the class of negative energy perturbations that can become
unstable due to dissipative27–29 or collisionless30 mechanisms. Here,
we suggest that the m> 1 spiral arm structures in the low B regime,
Fig. 4(b), occur as a result of the ion radial motion. In the low B case,
in the stationary state, the ions move radially outward due to a weak
radial (outward) ambipolar electric field formed by electron losses to
the external boundary. The ion radial motion results in the spiral
arms’ perturbations moving radially and azimuthally in the direction
of the electron diamagnetic drift. Spiral arms arise due to perturbations
of density, which come from the combined radial motion of ions and
density/potential perturbations propagating azimuthally. The azi-
muthal motion of ions occurs due to the azimuthal perturbation of
potential, respectively, due to the azimuthal electric field.

An increase in the axial magnetic field enhances electron confine-
ment, forming a potential well and resulting in the inward electric field
that triggers the collisionless Simon-Hoh mode for E � rn0 > 0

leading to spoke excitation,3,5,6 also consistent with our results in Ref.
20. The flow of ions, which is strongly controlled by the electric field,
remains coherent within the spoke structures as seen in Figs. 4 and 5.
Unlike ions, strongly magnetized electrons are subject to E� B and
diamagnetic drifts. Their motion is less coherent (Figs. 4 and 5). It is
important to note that ions are weakly magnetized but still subject to
the magnetic field’s Lorentz force, which results in deflection of their
trajectories from the direction of electric field. The measure of magne-
tization is characterized by the parameter E=rBxci;ce.

31,32

Magnetization is strong when this parameter is small, as for the elec-
trons, when B¼ 100 G, E¼ 0.5 V/cm, r¼ 3 cm, E=rBxce ’ 10�4 they
experience simple E� B and diamagnetic drifts. For argon ions,
E=rBxce ’ 7 and ion motion is strongly affected by the inertia (cen-
trifugal forces) and deviates from the E� B velocity.20 For larger val-
ues of the magnetic field, ion magnetization may increase, however,
the electric field, which is controlled by plasma transport, is also
increasing. As a result, in our simulations, for a larger magnetic field of
B¼ 220 G, ions remain weakly magnetized. Effects of finite ion mag-
netization on the Simon-Hoh instability were considered in Refs. 31
and 32.

The electron and ion temperature in Fig. 6 follow the behavior of
the observed structures. The improvement of electron confinement
with the magnetic field results in a higher density of energetic electrons
in the central part of the discharge [Figs. 6(b) and 6(d)]. The ions are

FIG. 3. Averaged radial profiles of plasma parameters for different magnitudes of the magnetic field, radius from the center of the domain is normalized to the largest radius
which is 5 cm, so the normalized injected radius is located at 0.3: (a) ion density; (b) potential; (c) electric field; (d) electron temperature.
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collisionless here and their effective temperature corresponds to the
energy of trapped ions bouncing in the potential well. The ion Larmor
radius corresponding to the well depth is about 0:02 m or larger, which
is on the order of the system radius of 0:05 m. Also, the potential well
is not stationary: it is deformed and is rotating with the spoke motion,
so the ions escape radially as a result of the azimuthal (spoke) rotation
driven by the azimuthal electric field. The electron Larmor radius
remains smaller than the system size, providing effective magnetic con-
finement for electrons throughout the domain.

IV. ROLE OF ENERGY CONSERVATION IN THE SPOKE
FORMATION

Most of the simulations reported in this paper have been per-
formed with the energy-conserving algorithm using the so-called Yee
grid available in WarpX. For the electrostatic case, the main feature of

the Yee grid is that the electric field is stored in the cell centers, con-
trary to the collocated grid where the electric field is defined on the
nodes. The latter option, resulting in the momentum-conserving
scheme is also available in WarpX. We have performed spoke simula-
tions with both options, the collocated grid (momentum-conserving)
and the Yee grid (energy-conserving). In the simulations with the
momentum-conserving scheme, we observe unnatural checkered pat-
terns at small scales and higher frequencies, and the shape of the
m¼ 1 large-scale structures is also distorted as shown in Fig. 7 (left). It
was found that these simulations have had energy errors of the order
of 30%–50%. Similar checkered patterns, spoke distortions, and energy
errors were also observed in our situations with EDIPIC-2D which
uses the momentum-conserving scheme (these results are not reported

FIG. 4. Snapshots of the electron and ion current density, with arrows for the
direction and colors for the current magnitude: (a) B ¼ 10 G; (b) B ¼ 50 G;
(c) B ¼ 100 G; (d) B ¼ 220 G; shown at the same time moments as in Fig. 2.

FIG. 5. Snapshots of the absolute value of electron and ion velocity with the
direction vectors for the different magnitudes of magnetic field: (a) B ¼ 10 G;
(b) B ¼ 50 G; (c) B ¼ 100 G; (d) B ¼ 220 G; shown at the same time moments
as in Fig. 2.
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here). The simulations with an energy-conserving Yee grid demon-
strate a much clearer picture ofm¼ 1 structure and small-scale fluctu-
ations inside. It is interesting to note that the energy errors appeared in
the case when the m¼ 1 spoke and small-scale fluctuations coexist.
We have not observed energy conservation problems in our earlier
EDIPIC simulations20 of the spoke in high neutral pressure regimes
which did not have appreciable levels of coexisting small-scale struc-
tures. Similar spoke behavior and energy errors in simulations with the
momentum-conserving schemes were found in simulations with two
independent PIC codes performed at LAPLACE laboratory.33 It was
also found in these simulations33 that higher resolution in
momentum-conserving schemes improves energy conservation but
does not completely solve the problem. Accuracy and advantages of
the energy-conserving PIC algorithms were discussed in recent
works.34,35

V. COEXISTING SPOKE AND HIGH-FREQUENCY
SMALL-SCALE STRUCTURES

As it has been already noted above, the large-scale m¼ 1 spoke is
accompanied by higher-frequency small-scale structures as apparent
in density snapshots in Fig. 2(c). The coexistence of spoke and high-
frequency small-scale structures becomes even more pronounced in
simulations with a larger value of the injected current of 100mA (high
current case) as shown in Fig. 8. For this case, the simulation time and
spatial steps were decreased to Dt ¼ 10 ps, and the mesh size is
1024� 1024 to maintain the same CFL number. Each macroparticle is
equivalent to 6 250000 real particles. The magnetic field strength is
150G. The small-scale fluctuations have a spiral arm structure and
higher frequency. The MUSIC (multiple signal classification)36 spectra
analysis shows the frequencies of the density spiral arm structures in
the range of 102 kHz (Fig. 9). They are more pronounced in the region
closer to the center of the discharge, at a distance of L=16 from the
center. The density probe at a larger distance, L=4, shows intense har-
monics of the main spoke frequency in the range of 10 kHz and lesser
amplitude of the 102 kHz high-frequency modes. The general behavior
of the electron and ion current and temperatures is shown in Figs. 10
and 11, is similar to the base case with the current of 1mA (low cur-
rent case). One should note an elevated ion temperature in Fig. 11 on
the outside of the spoke structure. We believe this is a result of the ion
heating from the small-scale high-frequency lower-hybrid fluctuations
which are destabilized by the density gradients across the spoke

FIG. 6. Snapshots of electron (left) and ion (ion) temperatures for the different mag-
nitudes of magnetic field: (a) B ¼ 10 G; (b) B ¼ 50 G; (c) B ¼ 100 G; (d) B ¼ 220
G; shown at the same time moments as in Fig. 2.

FIG. 7. The ion density perturbations in
simulations using the collocated grid (left)
at 5:68� 10�3 s and Yee grid (right) at
4:9� 10�3 s for B ¼ 150 G and 1mA
current.
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boundaries. The presence of fluctuations in the range of the lower-
hybrid frequency is confirmed by fast Fourier transform spectra of the
radial and azimuthal electric field obtained from the probe data as
shown in Fig. 12.

VI. SPOKE STRUCTURE IN SIMULATIONSWITH
EXTERNAL PLASMA SOURCES AND THE ABSENCE OF
E-N COLLISIONS

In many cases, the ionization processes are essential in the self-
organization of plasma discharges resulting in the formation of nonlin-
ear structures. This may occur either directly through the nonlinear
dependencies of the ionization on electron temperatures (as in the for-
mation of strata and striations37) or via additional turbulence caused
by instabilities resulting from the interactions between plasma and
neutral flows. The latter mechanism is responsible for the phenomena
of critical ionization velocity (CIV), invoked for spoke formation in
some conditions.38

We have tested earlier a possibility of spoke formation due to
CIV in our earlier spoke simulations in high-pressure regimes20 where
it was found that the spoke velocity is well below the CIV values. It is
further suggested here that the ionization does not directly cause the
mechanism of spoke excitation. This has been confirmed here by the
simulations in the absence of ionization where plasma discharge is
supported by external sources of electrons and ions.

For these simulations, we considered the regime with 1mA and
150G which has reached a steady state. At this stage, the electron and
ion currents to the walls were Ie ¼ 2mA and Ii ¼ 1mA, respectively.
The electron and ion temperatures established in the injection region

FIG. 8. High-frequency small-scale struc-
tures inside and on the periphery of the
m¼ 1 spoke in the high-current simula-
tions 100 mA, B ¼ 150 G; electron (left)
and ion (right) density.

FIG. 9. MUSIC spectra for probes at L=4 and L=16 distance from the center for
simulations shown in Fig. 8.

FIG. 10. Electron and ion current densities
in the high-current spoke simulations
100mA; B ¼ 150G.
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were Te ¼ 5 eV and Ti ¼ 0:1 eV. Then, all electron-neutral collisions
were turned off, and electrons and ions were generated in the circular
region (as in Fig. 1) at the rates corresponding to their currents and
with the temperatures equal to their stationary values as above.

Figures 13–16 show the comparison of plasma parameters in the
simulations with the ionization and with external sources in the
absence of ionization. In general, one observes fairly similar behavior
and structure patterns.

VII. EFFECTS OF THE GEOMETRY: OSCILLATIONS IN
THE ION AND ELECTRON FLUXES

In our base case simulations with electron-neutral (e-n) collisions,
we used a square box geometry of the external boundary. Various appli-
cations of the discharges with axial magnetic fields may use both circular
and rectangular shapes as well as their combinations for the external
boundaries.4,12,13,39–41 Therefore, it is of interest to explore the differences
arising from the shape of external boundaries. To change the geometry
to a circle, we use what is called an embedded boundary object in
WarpX. It allows the addition of curved boundaries to the system with
rectangular geometry. In our case, we add a circle to our square geome-
try as an implicit function ðx � Lx=2Þ2 þ ðz � Lx=2Þ2 ¼ ðLx=2Þ2 (see
Fig. 1). This boundary has the same features as the rectangular

boundary, absorbing all incoming particles and zero potential as a
boundary condition for the solution of the Poisson equation. Figure 17
shows the evolution of the inventory of particles in the argon discharge
simulation within a circular boundary, as in Fig. 1, and compares it
with the case of square boundary. One observes a small difference in
the total number of particles at the saturation, which can be explained
by the difference in plasma volume for the two geometries. The spoke’s
rotation frequency in square and circular geometries obtained from the
Fourier transform of the density perturbation in the h� t are nearly
identical as shown in Fig. 17(b). The general shape of the density struc-
tures in the m¼ 1 spoke in the square and circular geometries are also
very similar to that shown in Fig. 18.

Despite these similarities, the geometry of the boundary introdu-
ces an essential difference in the electron and ion flows to the wall.
Most easily, this difference can be seen in the temporal behavior of the
total electrons and ion currents measured at the walls. Figure 19 shows
that the square boundary modulates the total electron and ion currents
at the walls at a frequency roughly four times the spoke frequency.
Note that the sum of the electron and ion current does not show these
oscillations and is equal to the total injected current of 1mA. It is
worth noting that in both cases, with 1 and 100 mA electron beam
injection, the value of ion current due to the ionization is roughly equal

FIG. 11. Electron and ion temperatures in
the high-current spoke simulations
100mA; B ¼ 150G.

FIG. 12. Fourier spectra for Er and Eh components of the electric field obtained from the probe data located at h¼ 0, r ¼ L=16 from the center; the simulations with B ¼ 150G
and 1mA. The frequency at 3� 104 kHz (shown by the red arrow) is consistent with the frequency of a lower-hybrid mode.
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FIG. 13. Electron and ion concentrations for
the regime with ionization (top row) at
5:05� 10�3 s, and with external sources
(bottom row), at 6:46� 10�3 s for B ¼ 150
G and 1mA current.

FIG. 14. Top row: Potential map for the
regime with the ionization (left) and with
external sources (right). Bottom row: E� B
velocity for the regime with ionization and
with external sources for B ¼ 150 G and
1mA current.
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to the electron current induced by the ionization. Consequently, the
electron current to the wall is roughly double the injected current.

The oscillations at the fourth harmonic of the spoke frequency
are not related to ionization: Figs. 19(a) and 19(b) exhibit similar oscil-
latory behavior, despite (a) being fully collisional and (b) collisionless
and without ionization. Figure 19(c) shows that these geometry-
induced oscillations disappear in the circular geometry. It is a result of
geometrical modulations of particle losses as the spoke rotates against
the square boundary. The modulations are also evident in the total
particle inventories, as seen in Fig. 17.

Figure 19(e) shows the square boundary-induced electron and
ion oscillations for the case of 100 mA injections. In Fig. 20, we present
the current density behavior for the 100mA case at two different time

frames: one at the moment when the spoke is perpendicular to the wall
and the other directed to the corner. The spoke-induced ion flow to
the wall has both azimuthal and radial structure—note the radial prop-
agating ion flow blobs propagating along the spoke. One can also note
that the direction of the ion current is consistently deflected from the
radial spoke direction as a result of the ion inertial forces.

VIII. SUMMARY

In this paper, we have investigated the transitions between differ-
ent types of azimuthal structures excited in E� B plasma self-
consistently supported by the ionization from an axial electron beam.
We show that multiple m spiral arm structures are excited in plasmas
with zero (or slightly positive) radial electric field. With increase in the

FIG. 15. Electron and ion currents in the simulations with ionization (top row) and with external sources (bottom row) for B ¼ 150 G and 1mA current.
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magnetic field, electron confinement improves and a negative (inward)
electric field is generated. At this point, the m¼ 1 spoke mode is
excited in the discharge.

We suggest here that the excitations of the spiral arms are due to
the instability caused by the combination of the density gradient and
ion radial flow when the condition vi0 � rn < 0 is satisfied as

discussed in Ref. 3. Such instability generates modes with simultaneous
propagation in the radial and azimuthal directions as observed for spi-
ral arms. As in Ref. 20, the excitation of the m¼ 1 spoke is explained
as a result of the collisionless Simon-Hoh instability due to the radial
electric field. This mechanism is related to the combined effect of the
density gradient and the electron E� B drift due to the equilibrium

FIG. 16. Electron and ion temperatures in
the simulations with ionization (top row)
and with external sources (bottom row) for
B ¼ 150 G and 1 mA current.

FIG. 17. (a) Temporal evolution of the total number of particles (electrons þ ions) and (b) spoke frequency of argon gas in circular and square simulation geometry for
B ¼ 100 G and 1 mA current.
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FIG. 18. Electron and ion densities for the
m¼ 1 spoke in (a) circular boundary,
white line shows the location of the circu-
lar boundary and (b) square boundary
geometry for B ¼ 100 G and 1mA injec-
tion current.

FIG. 19. Total electron and ion currents at
the boundary as a function of time for the
square and circular geometries: (a) square
geometry with collisions and ionization, (b)
square geometry with external plasma
sources (in the absence of collisions and
ionization); (c) circular geometry with colli-
sions and ionization, 1 mA injection; (d)
square geometry with collisions and ioni-
zation, 100 mA injection. Note the
absence of oscillations for circular geome-
try, in all cases B ¼ 150 G.
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radial electric field when E � rn > 0. One has to note that the
observedm¼ 1 spoke is not the most unstable linear mode. The linear
theory predicts that the growth rate increases with m.2,3,5,32 For the
higher m modes, the effects of electron inertia become important, and
the basic instability mechanisms due to the density gradient, the equi-
librium electron and ion flows are modified, and the mode frequency
shifts toward the lower-hybrid range. The dissipation due to electron
collisions may also provide additional destabilization.3,27 Direct excita-
tions and interactions of small- and large-scale modes were studied
experimentally11 and in simulations.16,42 Thus, the m¼ 1 spoke mode
should be viewed as a strongly nonlinear perturbation formed by the
nonlinear interactions (inverse cascade) from the linear unstable high
mmodes.

In our simulations, we directly observe high-frequency small-
scale modes coexisting with the m¼ 1 spoke. The high-frequency
modes are observed in MUSIC and FFT spectra in density and electric
field fluctuations. Another result observed in our simulations is the
heating of cold ions generated by the ionization. Such heating, as
shown in Fig. 16, which increases the ion temperature to the range of
�1 eV, is interpreted as a result of the lower-hybrid type modes. The
ion heating is more pronounced in the simulations with external sour-
ces and the absence of ionization, comparing the ion temperature in
the top and bottom rows (right column) of Fig. 16. Such ion heating
has been observed in E� B plasma experiments.21 The reduced heat-
ing in simulations with ionization can be explained as a result of colli-
sional dissipation. We recall that in the simulations without ionization,

FIG. 20. Electron and ion current densities for two time frames of a spoke in the 100mA regime.
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the energy of injected ions is Ti ¼ 0:1 while the ion energy observed in
the region outside of the spoke reaches Ti � 1 eV.

Our simulations without ionization further confirm the conclu-
sions made in Ref. 15 that ionization is not essential for spoke excita-
tion. We have performed simulations replacing the ionization with
external sources that produce electrons and ions at the same rates and
energies as in the self-consistent simulations with ionization. The
observed patterns of the spoke and high-frequency small-scale modes
remain similar, suggesting that in these conditions gradient-drift
instabilities, such as Simon-Hoh, are the primary sources of the
observed structures. We have to note, however, that in some condi-
tions the situation could be more complex. The spoke structures
observed in direct current magnetron sputtering discharges are directly
identified as moving ionization zones with enhanced emissivity where
the ionization seems to be important.43,44 The difference with the
modes considered here potentially may be related to the presence (in
the magnetrons) of a strong electric field applied externally, as well as
to the effects of the inhomogeneous magnetic field,45 where the ioniza-
tion due to electron heating provides an additional drive for the
instability.

We demonstrate here the effect of geometry of the external
boundary on the electron and ion fluxes. It is shown that the square
boundary modulates the electron and ion fluxes, at the frequency four
times that of the spoke rotation. However, these modulations are not
related to the modulation of ionization, so the total plasma source due
to ionization is not modulated. It is worth noting that the probe mea-
surements may detect modulation of the ion and electron fluxes by
non-symmetric boundaries, whichmay be misinterpreted as a different
(from the spoke) mode. Note that for the general non-circular geome-
try of the boundary, the frequency of the modulated electron and ion
fluxes is not necessarily an integer multiple of the spoke frequency as
in our case of the square boundary.
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