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Breathing mode oscillations in Hall e�ect thrusters occur depending on the operation
parameters such as discharge voltage, anode mass �ow, and magnetic �eld. Time-dependent
laser-induced �uorescence is used to measure the ion velocity distribution functions (IVDFs)
with a modulating anode voltage. [Diallo et al. RSI 2015] Experimental results suggest
that the IVDFs vanish or shifts its peak to a small velocity near the maximum peak of
the discharge current oscillation. A zero-dimensional plasma global model [Hara et al.
PoP 2014] is used to analyze the ionization oscillation mode by forcing the electric �eld to
oscillate with a certain strength and frequency. In this model, the neutral atom continuity
equation, the ion continuity and momentum equations, and electron energy equation are
taken into account. Global model suggests that the ion mean velocity can �uctuate in time
and is in-phase with the electric �eld oscillation. A 1D hybrid simulation shows that there
can be a region where ion distribution exists in slow velocity (∼1000 m/s) due to reversed
electric �eld during the oscillation.

I. Introduction

Breathing mode is a low-frequency ionization oscillation mode in the 5-30 kHz range that is widely
observed in Hall e�ect thrusters (HETs). It has been experimentally observed that the breathing mode can
stabilize depending on the operation parameters such as magnetic �eld, discharge voltage, anode mass �ow,
and cathode mass �ow.1�4 Several numerical simulations have also shown that breathing mode occurs in the
HETs using both �uid and kinetic models.5�9 However, the mechanism behind these ionization oscillations,
speci�cally the direct source of what causes the excitation and stabilization, has not been identi�ed. The
most common theoretical explanation was that ions and neutral atoms undergo a natural oscillation mode,
which is characterized by the Lotka-Volterra equations. This is often called the predator-prey model,5 as
the plasma behaves like a predator and neutral atoms are consumed as prey via the ionization process.

Sekerak et al. has extensively studied the ionization oscillation modes in the axial and azimuthal direc-
tions using a high-speed Langmuir probe and ultrafast imaging techniques.4 The results showed that the
�uctuation in the ion density is in-phase with the discharge oscillations. A hybrid kinetic/�uid model was
used to investigate the mode transition by Hara et al.9 in comparison to experiments. Numerical results
suggest that electron transport and the heating/cooling mechanisms play an important role in stabilization
and excitation of the breathing mode. In order to support the experimental and computational observations,
a linear perturbation theory of ionization oscillations was developed by Hara et al.10 First, the predator-prey
model is revisited and shown to be insu�cient. Next, ion and neutral atom continuity equations are formu-
lated with more realistic terms, from which the mode is shown to be unconditionally damped. Finally, the
perturbation in electron energy is added and positive growth rates are observed depending on the electron
mean velocity and electron energy.

Laser-induced �uorescence (LIF) is a useful spectroscopy technique to obtain the velocity distribution
functions (VDFs) of ions and neutral atoms. In this study, coherent breathing oscillations are driven by
modulating the anode potential to validate time-resolving LIF developed by Diallo, Shi, and Keller.11 One
main advantage of a time-resolving LIF is that faster measurements of ion VDFs avoid thermal drifts. It
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has been veri�ed experimentally that the modulation in ion VDFs capture the discharge oscillations using a
heterodyne approach.

II. Experiments: Cylindrical Hall thruster and Laser-induced �uorescence

The experiments are performed in a 2.6 cm cylindrical Hall thruster (CHT). The thruster was operated
using xenon propellant with anode �ow rate 2.5 sccm and cathode �ow rate 1.5 sccm. The background
pressure during thruster operation was about 5.1×10−5 Torr. The back magnetic coil current was 0.6 A and
the front magnetic coil current was 1.27 A in "Direct" con�guration. A 0.25 A keeper current was run between
cathode emitter and keeper, together with a 12A heating current to stabilize the hollow cathode performance.
When the discharge voltage was set to be 225 V, the thruster exhibits strong breathing oscillation at about
11.5 kHz. To couple with this natural oscillation, a 11.5 kHz square wave voltage between 210 V and 240
V was applied on thruster anode. The driven breathing mode was large and periodic as seen by the fast
camera.

A. Forcing discharge voltage oscillation

The ion and discharge currents remain in phase for both natural and driven oscillations as shown in Figure
1.12 The anode potential is set as

V (t) = VD + V̂ sin(ωt), (1)

where VD is the DC component, V̂ is the AC component, and ω is oscillation frequency. It can be seen that
a breathing mode exists without any AC discharge voltage. At V̂ = 3 V, the discharge oscillation becomes
slightly chaotic and again becomes coherent at V̂ = 9V. At a larger V̂ , e.g. V̂ = 30 V, the oscillation
frequency remains unchanged while the amplitude increases. The phase alignment of ion and discharge
currents suggests that driven and natural oscillations have similar physical mechanisms.

Figure 1. Discharge current oscillation and ion current oscillation obtained using a planar graphite probe with
various oscillation amplitudes.12

B. Time-resolving laser-induced �uorescence

The ion velocity distribution function (IVDF) using LIF.13 A tunable diode laser is used to pump the 5d2F7/2

Xe+ metastable level to 6p2D0
5/2. The laser beam was aligned perpendicular to the thruster exit plane and
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was injected into the thruster channel at along the thruster axis. The collection of LIF photons is performed
70 degrees with respect to the laser beam. The collected signal was detected using a photo-multiplier with an
interference �lter centered at 541 nm. A laser beam is chopped, typically at 100 kHz using an acousto-optic
modulator (AOM), and directed along the thruster centerline.

Figure 2. Large amplitude oscillation mode at V̂ = 6 V: Ion VDFs obtained from time-resolving LIF (on left),
discharge current (on right). Reproduced from Ref. 12 and Ref. 13.

Figures 2 and 3 show the time-resolved results of IVDFs for di�erent oscillation amplitude of the anode
voltage. Figure 2 shows that the IVDFs are in-phase with the discharge current oscillation. The IVDF peak
increases, and shifts towards high velocities as the discharge current (and voltage) increases. However, in
Fig. 3, a collapse in the IVDF is observed at the peak of the current burst. Another study by Young et al.14

indicates that the peak IVDF does not collapses but shifts to a much lower velocity.

Figure 3. Large amplitude oscillation mode at V̂ = 30 V: Ion VDFs obtained from time-resolving LIF (on left),
discharge current (on right). Reproduced from Ref. 12
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III. Theory and Simulation: Low-frequency ionization oscillation

A. Predator-prey model

The predator-prey model assumes that the plasma is contained in an ionization box whose length is L and
the spatial variation is neglected. The ionization rate coe�cient ξion and the velocities of ions and neutral
atoms are constant in time. There is no ion �ux entering the box and no neutral �ux escaping the box.
Using these assumptions, the continuity equations are written as

∂Ni

∂t
+
NiUi

L
= NiNnξion (2)

∂Nn

∂t
− NnUn

L
= −NiNnξion, (3)

where N and U are the number density and mean velocity, and subscripts i and n denote ions and neutral
atoms, respectively. To study the linear perturbation, a quantity follows the form: Q = Q0 +Q′ exp(−iωt),
where Q0 and Q

′ are equilibrium and perturbation quantities, respectively. From the �rst-order perturbation
equation, the harmonic oscillator frequency can be obtained as

ω = (Nn,0Ni,0ξ
2
ion)

1/2. (4)

B. Ionization global model

A 0D global model of a plasma discharge is considered.10 In order to construct a more accurate theory of
ionization oscillations, the geometry is de�ned as shown in Ref. 10. The discharge plasma is assumed to be
con�ned inside the discharge channel. Although the one-dimensional �ow in the axial direction is of interest,
the radial plasma di�usion also plays an important role. One can take an approach similar to a �nite-volume
method in which the state variables are volume averaged and the �uxes at interfaces are modeled. Without
employing the unde�ned ionization length, ion and neutral continuity equations, ion momentum equation,
and equations for electron momentum and energy are more correctly given by

∂Ni

∂t
+
NiUi

Lch
= Ni(Nnξion − νwl) (5)

∂Nn

∂t
+

(Nn −Nint)Un

Lch
= −Ni(Nnξion − νwl), (6)

∂Ui

∂t
+
U2
i

Lch
=

e

mi
NiE, (7)

Ue = −µ⊥E, (8)

∂

∂t

(
3

2
NiTe

)
+

5

2

NiUiTe
Lch

= SJoule − SWall − SColl, (9)

where Nint is the number density of neutral atoms at the anode that characterizes the anode mass in�ow,
νwl = 2Ui,w/R∆ is the ion loss frequency to the wall, Ui,w = (eTe/mi)

1/2 is the ion acoustic speed assuming
that Bohm condition needs to be satis�ed at the sheath edge in the vicinity of the channel walls, Lch is
the channel length, R∆ is the channel width, Ue is the electron mean velocity, µ⊥ = µ0[1 + (ωB/ν)

2]−1 is
the e�ective electron mobility perpendicular to the magnetic �eld, µ0 = e/(meν) is the electron mobility,
ωB = eB/me is gyrofrequency, and ν is the collision frequency. SJoule = −NeUeE is the Joule heating,
SWall = νwεw is the wall cooling contribution, where νw = 2

√
eTe/mi/R∆/(1 − σ), σ = max(0.986, Te/25)

is the secondary electron emission rate, εw = 2Te + (1 − σ)φw, and φw = −Te log[(1 − σ)/
√

2πme/mi]
is the sheath potential; and SColl = Nnξionεi, where εi = 12.1 eV is the ionization energy for xenon.
ξion = [AT 2

e +B log(−C/Te)]
√
8kTe/πme, where A = −1.0×1024, B = 6.386×10−20, C = 12.13. The electron

mean velocity, Ue, is assumed to be dependent only on the drift component as the di�usion component is
typically negligible in the acceleration region. Any spatial variations are neglected inside the box due to
the 0D assumption. A SPT-100 type thruster geometry is considered. In comparison to Ref. 10, the
electron momentum treatment, i.e. Eq. 8, is added so that the modulation in electric �eld can be taken into
consideration.
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In this section, Eqs. 5 - 9 are solved by assuming that the electric �eld modulates:

E =
Vd
L
[1 + α sin(ωrt)], (10)

where Vd is the mean discharge voltage, α is the oscillation strength, and ωr is the oscillation frequency.
Figure 4 shows an example of the ionization oscillations with a modest oscillation strength, α = 0.05. For

a small perturbation, the oscillations are closer to a sinusoidal modulation, which exhibits a breathing mode
oscillation. The phase between ion and neutral number density oscillations is approximately 90 degrees,
see Figs. 4 (b) and (c). The electron temperature oscillates in a non-sinusoidal fashion as the electron
temperature approaches the threshold value for space charge limited sheath, here Te ∼ 25 eV, and the wall
heat �ux of electrons increases due to SWall (Fig 4 (d)). However, the other quantities, such as ion mean
velocity (e), electron mean velocity (f), and collision frequency (g), show a sinusoidal oscillation. Note that
the time averaged ion mean velocity is approximately ∼

√
eVd/mi = 12.7 km/s. Finally, Fig. 4 (h) shows

the discharge current calculated as Id = eNi(Ui − Ue)A, where A is the thruster area, and the ion current
calculated as Ii = eNiUiA. Time is normalized by the oscillation frequency ωr = 1.3 × 104 rad/s and two
oscillation cycles are shown.
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Figure 4. Modulation in the electric �eld is forced and the plasma response is shown. (a) Electric �eld,
(b) neutral atom density, (c) ion density, (d) electron temperature, (e) ion mean velocity, (f) electron mean
velocity, (g) collision frequency, and (h) discharge and ion current. Oscillation strength is α = 0.05.

The ion density and discharge current are in-phase as the current strongly depends on the ion number
density. At the same time, the electric �eld, electron temperature, and ion mean velocity are also in-phase
because the Joule heating strongly drives the electron temperature oscillation as shown in Eq. 9 and the
ion momentum depends almost only on the electric �eld as can be seen from Eq. 7. The electric �eld and
electron mean velocity is 180 degrees out-of-phase, see Eq. 8. Phase di�erence can be seen from the ion
and neutral continuity equation (Eqs. 5 and 6). Here, in order to investigate the phase shift between the
ion and neutral density vs. the electron temperature, assume that the radial loss component is negligible,
νwl = 0 and a forced oscillation in the ionization rate coe�cient to follow ξion = ξ0[1 + α0 cos(ωrt)]. The
linear perturbation equations can be written as

∂2N ′i
∂t2

+ νd
∂N ′i
∂t

+ ω2
0N
′
i = α0ω

2
0

[
Nn0

Nint −Nn0
cos(ωrt)−

ωr

ξ0
sin(ωrt)

]
(11)

∂2N ′n
∂t2

+ νd
∂N ′n
∂t

+ ω2
0N
′
n = α0ω

2
0

[
−Nn0 cos(ωrt) +

ωr

ξ0
sin(ωrt)

]
(12)
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where νd = (Nint/Nn0)Un/Lch is the damping frequency due to the constant neutral atom in�ow from the
anode and ω0 is the natural frequency obtained in Eq. 4. These equations are general ordinary di�erential
equations (ODEs) with damping, natural oscillation, and forced oscillation terms. The solution to the two
perturbation equations give the amplitude and phase of the oscillation. For a general ODE,

ẍ+ νdẋ+ ω2
0x = ω2

0X0 cos(ωrt) + ω2
0Y0 sin(ωrt), (13)

the amplitude and phase can be obtained as

x0 =
ω2

0√
(ω2

0 − ω2
r)

2 + (νωr)2

√
X2

0 + Y 2
0 (14)

tanφ =
X0νωr + Y0(ω

2
0 − ω2

r)

X0(ω2
0 − ω2

r)− Y0νωr
. (15)

One immediate observation from Eq. 14 is that the resonant oscillation x0 → ∞ occurs when the forcing
frequency ωr is equal to the natural frequency ω0 and the damping frequency is zero. It is also apparent that
x0 will not be in�nite even for ωr = ω0 because νd 6= 0 in actual Hall thruster systems. Then, from Eqs. 11
and 12, the phase of the ion and neutral atom density oscillations with respect to the forced oscillation in
the ionization rate coe�cient can be given as

tan(φi) = − Nn0

Nint −Nn0

√
Ni0

Nn0
(16)

tan(φn) = −
√
Nn0

Ni0
. (17)

In the limit of Ni0 � Nn0, the ion density oscillation is perfectly in phase with the ionization rate coe�cient
and the neutral density oscillation is 90 degrees out of phase.

In Fig. 4. since it is likely that ωr that was chosen is not equal to ω0, there can be additional phase
di�erence between the density pro�les and the ionization rate coe�cient, which is dependent on the electron
temperature. In the experiments as shown in Fig. 2, the discharge current oscillation is almost in-phase with
the ion VDF measurements. The phase di�erences can be attributed to such di�erences in the selection of
driving oscillation frequency and the plasma properties. Ref. 14 also shows that there is phase shift between
the ion VDF contours and the discharge current oscillation.

Figure 5 shows the results for a larger oscillation amplitude, α = 0.3. All quantities except for the forced
electric �eld exhibit non-sinusoidal oscillations. The phase of the plasma properties is almost identical to the
small oscillation amplitude case, shown in Fig. 4. The non-sinusoidal pro�le is a result of the higher order
terms being important whereas the sinusoidal pro�le is indicative of a linear perturbation. As shown in Fig.
5 (d), the electron temperature is noisy as it approaches the threshold value Te ∼ 25 eV. This leads to some
high frequency oscillations in ion mean velocity (e), electron mean velocity (f), collision frequency (g), and
discharge current (h). The most interesting observation here is the ion mean velocity oscillation. The ion
mean velocity oscillates in-phase with the electric �eld oscillation. This indicates that the shift in IVDFs to
a lower velocity, if any, from the LIF measurements can be due to the rapid change in electric �eld and that
the ion mean velocity is strongly dependent on the electric �eld.

C. 1D Hybrid Simulation Result

The shift in the IVDFs to a lower velocity is also observed in hybrid simulations where a kinetic method is
used for ions and a �uid model is used for electrons. The model is described in Ref. 15. Here, a simpli�ed
electron �uid model is used and no anomalous mobility is assumed. The anode is x = 0 cm and the channel
exit is x = 4 cm.

In Ref. 15, a particle-in-cell (PIC) simulation and a direct kinetic (DK) simulation were used for ions
and compared while an identical �uid model is used for electrons. In the DK simulation, kinetic equations,
such as the Vlasov and/or Boltzmann equations, are solved directly in discretized phase space rather than
assuming computational macroparticles as for the PIC simulation. Two kinetic methods were benchmarked
and the macroscopic quantities were similar but the plasma oscillations were observed without any statistical
noise in the hybrid-DK simulation.
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Figure 5. The plasma response to a forced electric �eld modulation is shown similar to Fig. 4. Oscillation
strength is α = 0.3.

Figure 6 shows the time evolution of the ion VDFs as well as the discharge current oscillation. A breathing
mode type oscillation is observed throughout the simulation. The ions are accelerated in the channel and
escapes from the channel exit most of the time. However, as shown in Fig. 6 (a), there is a peculiar mode,
where slow ions stay in the acceleration region. Note that this is not a numerical artifact due to the DK
solver as a similar phenomenon are observed using the PIC simulation. The slow ion blob occurs when
the ion current exceeds the discharge current in the channel. This is because the electron current becomes
negative (je = −eNeUe ≈ eNeµE < 0) and the electric �eld will be reversed (E < 0). The locally reversed
electric �eld will slow down the ions and accumulate ions. It can be seen from Fig. 6 (a) that the slow ions
are dominant but there are still streaming ions (∼ 21, 000 m/s) that are generated in the ionization region
inside the channel. These double peaked ion VDFs were observed in Young's LIF measurements.14

The corresponding time evolution of the electric �eld and electron mean energy are shown in Fig. 7.
Except for the time when the slow ion VDFs are observed (Fig. 6(a)), the electric �eld and electron mean
energy are relatively unchanged. As can be seen from Fig. 7(a), the slow ion VDFs near the channel exit
are supported by the reversed electric �eld. The large electric �eld generated behind the slow ion region also
result in large electron heating due to Joule heating, leading to a local region where electron energy is large
as shown in Fig. 7(b). The numerical results suggest that it is possible in the cylindrical Hall thruster that a
reversed electric �eld is generated locally, which could cause slow moving ions either towards the exit or back
inside the channel. Another possibility is that the electron mean energy or temperature decreases rapidly
that results in a change in the electron energy distribution function and loss of the excited ion species, from
which the LIF signal is obtained. The 2D structure of the plasma properties must be measured carefully in
experiments and calculated using high-�delity numerical simulations that can take into account the complex
magnetic �eld structure of the cylindrical Hall thrusters.

IV. Conclusion

Time-resolving laser-induced �uorescence technique has been developed to investigate the ion velocity
distribution functions in a cylindrical Hall thruster. Ion measurements are useful to understand the oscillation
mechanism of the discharge plasma in a Hall thruster. A collapse in the distribution functions is observed
in a nonlinear oscillation mode where strong discharge oscillations are excited.
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(a)

(b)

(c)

(d)

(e)

(a) (b)

(d)(c)

(e)

Figure 6. Hybrid-DK simulation of a SPT-100 type Hall thruster. The bottom right is the discharge current
oscillation and the ion VDFs for the corresponding timesteps are shown from (a) to (e). Reproduced from
Ref. 16.

A global ionization model, which is a zero-dimensional transport model, is developed and used to in-
vestigate the stabilization and excitation of ionization oscillations. Phase and amplitude of the linear and
nonlinear modes can be obtained from the theory and will be compared to experiments. The results obtained
from the global ionization model show that the ion mean velocity can decrease during the discharge oscilla-
tion, which suggests that the ion distribution function will shift to a smaller velocity. Another possibility is
a dynamic oscillation inside the channel where reversed electric �eld is generated locally. This will create a
very slow moving ion bunch or even ions that move back inside the channel.

More detailed experimental investigations are needed including spatially and temporally mapping the
time-resolved IVDFs and ion currents. We also plan to employ high �delity electron �uid models that
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Figure 7. Hybrid-DK simulation of a SPT-100 type Hall thruster. The timesteps correspond to those shown
in Fig. 6

accounts for multidimensional structure of the magnetic �eld17,18 in order to investigate discharge oscillations
in the cylindrical Hall thruster.
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