E

AlAA 2002-4246

Hall Thruster Modeling
with a Given Temperature Profile
L. Dorf, V. Semenov *, Y. Raitses, N. J. Fisch

Princeton Plasma Physics Laboratory

Princeton, NJ
* Institute of Applied Physics of Russian Academy of Science

Nizhny Novgorod, Russia

38th AIAA/ ASME/SAE/ASEE
Joint Propulsion Conference & Exhibit
7—10 July 2002
Indianapolis, Indiana

For permission to copy or to republish, contact the copyright owner named on the first page.
FFor ATAA-held copyright, write to AIAA Permissions Department,
1801 Alexander Bell Drive, Suite 500, Reston, VA, 20191-4344.



HALL THRUSTER MODELING WITH A GIVEN TEMPERATURE PROFILE

L. Dorf, V. Semenov*, Y. Raitses and N.J. Fisch
Princeton Plasma Physics Laboratory (PPPL), Princeton, NJ 08543
* Institute of Applied Physics (IPFRAN), Nizhny Novgorod, Russia

Abstract

A quas one-dimensional steady-state model of
the Hall thruster is presented. For given mass flow
rate, magnetic field profile and discharge voltage
the unique solution can be constructed, assuming
that the thruster operates in one of the two regimes:
with or without the anode sheath. It is shown that
for a given temperature profile the applied
discharge voltage uniquely determines the operating
regime: for discharge voltages greater than a certain
value, the sheath disappears. That result is obtained
over a wide range of incoming neutral velocities,
channel lengths and widths and cathode plane
locations. A good correlation between the quas 1-D
model and experimenta results can be achieved by
selecting an appropriate temperature profile. We
aso show how the presented model can be used to
obtain atwo-dimensiona potential distribution.

|. Introduction

Since the introduction of the main concept in
the late 1950-s by Morozov' and Zharinov, various
numericdl models were proposed to describe
physicd processes in HT.>° To provide the
existence and uniqueness of the solution in 1D or
quas 1-D (considering wall losses) modeling with a
given temperature profile one needs to introduce 3
boundary conditions. Since the applied discharge
voltage is given, one needs to introduce 2 additional
physical constraints on the free parameters.

Fruchtman and Fisch proposed in Ref. [10]
that the requirement of sonic trangition point, in
which the ion velocity, V,, equals to the sound
velocity, Vs, to be regular can be used to determine
one of the free parameters. To complete a model
they assumed zero ion flow at the anode. Later
Ahedo et a. in Ref. [2] assumed the presence of the
back ion flow at the anode, z=0, and changed the
condition V; (0) =0 to V, (0) = - Vs, which appears
to be more appropriate and results in a physicaly
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valid solution over a wide range of discharge
voltages. However, we show in this paper that for
discharge voltages greater than a certain vaue this
boundary condition aso appears to be
inappropriate.

In our model we introduce the boundary
conditions, which result in the unique solution for
all discharge voltages that are typically employed.
For the same discharge voltage the Hall thruster
may operate in one of the two regimes - with and
without the anode sheath. If there is a sheath then,
likein Ref [2], we abtain V; (0) = - V.. The electron
veocity, Ve, in this case must be selected in order to
obtain a total voltage drop in plasma equa to a
given V. If there is no sheath then V, (0) = - Vi,
where V.. is determined only by the electron
distribution function at the anode. A given Vy in this
case determines the ion velocity. We resolve this
indeterminacy numerically and show that for
discharge voltages greater than a certain value
anode sheath disappears. Thus, for a given
temperature profile the applied discharge voltage
uniquely determines the operating regime and
therefore the type of the boundary conditions for Vo
and V.

We make use of this approach to obtain the
solution for the thruster channel and up to the
cathode over a wide range of discharge voltages.
We first use a smplified approach to certain issues
namely, electron mobility and electron temperature
profile, to focus the main attention on boundary
conditions. But we aso show how these issues can
be resolved in order to construct a solution, which
correlates well with experimental results for
different mass flow rates and discharge voltages. To
compare to experiment, we use the data obtained
for the Princeton Plasma Physics Laboratory
(PPPL) Hall thruster.”* The calculated thruster
performances namely, thrust, efficiency and
propellant utilization, aso appear to be in an
agreement with experiment. Then we use a 1-D
potential profile as a boundary condition on a
channel median and solve aquas 1-D problem in a
radial direction to obtan a 2-D potentia
distribution.



This paper is organized as follows. In Sec. |1

we set up a physical problem and present a
governing system of eguations. In Sec. Il we
describe the boundary conditions indeterminacy and
present a numerica procedure for determining the
operating regimes and the free parameters. In Sec.
IV we discuss numerically obtained solutions and
present a new approach to determining a
temperature profile using experimental data. In Sec.
V we discuss “sheath” and “no sheath” regimes. We
conclude in Sec. VI with obtaining a 2D potentia
distribution.

[1. Quas 1-D model

Consider the conventiona case of a HT with
ceramic channel. The input parameters for any
model of the HT are the experimentally controlled
parameters, namely, the discharge voltage, Vv, the
%, and the radia
magnetic field profile, B (2. We neglect the
influence of the axial component of the magnetic
field. The output parameters to be determined are
the discharge current, 1, , the propellant utilization,
and the profiles of ion velocity, ion density and
potential.

To describe a steady-state operation of a Hall
Thruster we consider the following physica
processes. Single ionization: ions are born with the
neutral velocity; wall losses. averaged over the
channel cross-section; ion acceleration: toward the
cathode, use hydrodynamic momentum equation for
amono-energetic ion flow with the ion velocity V; ;
closed electron drift: azimutha, in E,” B,
direction; e ectron diffusion: toward the anode, with
the electron flow velocity V,; free neutral motion:
assume the mono-energetic neutral flow with the
constant neutral velocity V,,. We aso make a
quasineutrality assumption: n, =n,=n, which is
typical for aHT modding.

In most of our numerical smulations we used

propellant mass flow rate,

input parameters typical for the PPPL Hall
thruster operation:” V, =150 - 300V ,
%:1.7- 30mg/s (propdlant gas - Xenon),

andB,_, ~130Gs. We used the analytical fit
conssting of six gauss-functions for magnetic field
profile near the channel median as B, (2) (Fig. 1.)
In a D description of a problem it is aso
necessary to select a distance from the anode, L., at
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which the voltage drop equalsto Vv, in other words
make a choice of a cathode plane. We choose it to
be the plane, where the cathode tip is physicaly
located, L, =5.4cm for the PPPL HT. Thisissueis
discussed in a greater detail in Ref [22].

-

1 Experimental
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FIG. 1. Normalized magnetic field profile near the channel
median for the PPPL HT

In our quas 1-D model all vectors are projected
onto the z- axis, where z is the coordinate along
the thruster axis, with z=0 at the anode. The
physical processes can be expressed mathematically
asfollows:

ION CONTINUITY EQUATION

(nV;)¢=<sV >n,n-

2 . ’Te . ) D
o 0.55n M_| Q(Ly - 2

where the prime sign denotes the derivative with
respect to z. In the first term of equation (1), the
ionization constant,<sV > (T,) , was obtained using
experimental data for ionization cross-section,

s, *(E,) .** The electron distribution function was
assumed to be Maxwellian with the loca
temperature T,, and then the analytical
approximation for <sV >(T,) was deduced. In the
second term H,, and L, are the width and the
length of a channel respectively (H, =1.8cm,
L, =46cm for PPPL HT); theta function,
Q(Ly,- 2), represents the absence of the wall losses
outsde of the channd; and the factor of two
indicates the presence of two channel walls. The
factor of 0.55 was obtained by solving the radia
sheath problem in the hydrodynamic description
with the ionization and without collisions, as
described by Reimann in Ref [14], however not
assuming the quasineutrality in the preshesth.
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ION MOMENTUM EQUATION

(nvvi)e=SEN . _2 - o580 /i
M;  Hg, M; (4]

Q(Lch -7’ Vi+<sV >nnVy,

where E isthe axial projection of the electric field
and n, isthe neutral density.

CHARGE CONSERVATION

- nV, +nV;, =34, (©)

where J, -ld ¢ is eectron charge, and
A,

A, =40.7cm? isthe channel cross-section.

ELECTRON MOMENTUM EQUATION
- enm, IV, = eEn + (n,T,)¢, (4)

We describe the eectron axia motion with the
phenomenological eectron momentum equation,

(4), in which m, is the absolute value of the
electron axial mobility in a radia magnetic fidd.™
For the purposes of this paper it is sufficient to
. . . Bohm 1

assume Bohm diffusion, i.e. m =m, "B
However, in order for numerica simulations to be
in an agreement with experiment, m, must be
chosen more carefully, as we show later in this

paper.

MASS CONSERVATION
naVaO + nVi = ‘]aO + ‘]iO ) (5)

where J_, and J,, are neutral and ion fluxes at the
anode respectively. We consider that no ions are
coming out of the anode, and al ions hitting the
anode recombine with eectrons and return to the
discharge as neutrals. We therefore obtain:

% dm/ dit
J,0=3,- Ji, Where J,, = 1

is the propellant
ich

flux. In simulations we consider a free molecular

neutral flow out of the hot anode (T4 =1000°C)

to obtain V,, =113m/s.

node

4

ELECTRON ENERGY EQUATION
Te(2) = Condt (6)

Let us first consider a case of constant electron
temperature. It is known from experiments, that
T,~3- 5eV near the anode, and T,~18- 20eV in

the maximum of the temperature profile'®> so we
choose T, from that interval in our numerical

simulations. Later in this paper we return to the
question of determining the temperature profile.

[11. Boundary Conditions

The above system of equations can be reduced
to the system of two ordinary differential equations
for density, n(z), andionflux, J;(2) =n(2)V,(2):

J n Vs
H ch

L_11

i Jm -
3% n<sv, > (1) S
: Vao

1 € e Jg-Ji

e
1- \/i2 ééhﬂi rrg)/s \/S
V.2 (7
s

<sVo>(Tg) J,- J; 0
I’]gh’]Te)q:- S i/ (e) mV [

S S

:
né=

‘Ji%<sve >(Te) ‘]m' ‘]i _
V. V. Vo

S S

1.1%
Hch @1

!
|
|I-
i
:
"
:
:
i
|

where Vv = % is the ion acoustic velocity. The
Q -function in terms originating from the wall-
losses term in (1) was omitted for smplicity.

If the ion flux and the plasma density at the
anode and the charge flux, J,, are specified, one
can try to integrate (7) numericaly. In other words,
the system (7) contains three free parameters to be

determined before the solution can be obtained: n,,

M, and Vo, where M gy Vi :\/E is
V, Vie m,
the electron thermal velocity, and the subscript
“naught” means that functions are evaluated at the
anode, z=0. M, and Vo explicitly enter in the
charge flux, J, =ny(-VoV,e +M,Vy,), and the ion
flux at the anode, J,, =n,MV,,. Thus, one needs

three boundary conditions to provide the existence
and uniqueness of the solution.
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Neglecting wall losses in the ion continuity
equation and assuming V,, =0 in the ion
momentum equation, in order to better demonstrate
our approach to determining the free parameters, we

can deduce the following normalized equation for
ion Mach number:

(1AM 3 13)b- M2y 13- g

dtM - 1- M 2 (8)
def def
where  t = z/H p = 25V > TelnHa
ch s VooV, '
al0V¥s
def .
= EW\?A and wp; :% is the ion cyclotron
S i

frequency.

The equation (8) describes the ion dynamicsin
a quasineutral plasma. A similar equation describes
the flow dynamics in the wdl-known de Lava
nozzle.'® Other authors®'® also dedlt with this type
of eguation however, we find that there is ill a
need for additional analysis. The first (positive)
term in the numerator of (8) originates from the
ionization term in (1) and leads to ion acceleration
in the subsonic region of the ion flow, i.e. where
M <1. The second (negative) term in the numerator
of (8) is originaly the eectric field term from the
equation (2), and it effectively works in subsonic
plasma as an ion drag. The denominator appears
essentially because of the electron pressure and it
turns to zero at the boundary of the subsonic flow,
at which M=1. This leads to a singularity, typical
for quasineutral plasmas and called the “sonic
transition”.® We look only for a non-singular
solution of system (7) which describes a smooth
behavior of al physica values in the vicinity of the
onic  trangtion point, z,, a which M=1.
Fruchtman and Fisch in Ref. [10] considered the
possibility of abrupt sonic transition in HT with an
additiona electrode placed inside the channel, and
Ahedo et al in Ref. [2] poposed a “choked-exit”
type of solution, in which ions reach the sound
velocity right at the channel exit. However, al of
the authors considered a smooth sonic transition in
their models of the conventional Hall Thrusters.

As can be seen from (8), in order for the sonic
trangition point to be regular it is necessary that the
drag and acceleration terms are equal at this point.
Both of these terms depend on J, and J,,, i.e. on

the free parameters that are set at z=0. Out of the
three free parameters, only n, and M, enter

explicitly inboth J, and J,,, and, aswill be shown
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in the next paragraph, M, and Vo are physically
interdependent. So, one can conclude that exactly
the choice of n, isresponsible for the smooth sonic
transition. We set M, and Vo in the interval [0,1]
and tried to select n, numerically in order to obtain

a non-singular (NS) solution. It was shown by a
comprehensive scanning over al reasonable for HT

values of n,, that a smooth sonic transition takes
place only if n, equas to a certain unique vaue,
no"®, which depends, of course, on (Vo,M,). If
n, >n,"°, the drag term appears to be too big and
M does not reach 1 anywhere in the channdl; and if
n, >n,"°, the drag term is too smal and a
numerator in (8) appears to be greater than zero at
z,, which leads to a singularity (Fig. 2). Thus, for
given (Vo,M,) the requirement of the sonic

transition point to be regular results in the unique
value of n, .

NS .
Ny > Ny -
1 No sonic transition
0.84
NE Ve
_ os) m =101m7 N
‘E 04 o \\\
2 02 7 S~
= /
0 )
o
S 45 / 1 2 3 4
c
o 04
06 Position along the thruster axis, cm
0.8
-1
NS .
Ny <n0 .
14 g E
087 - g
,=—H “ =
g 81 " 101" 7 =2
(7] ] . o ®
2 o4 // 2¢
3 021 - 5
/
=
8 9/ 2 3 4
= 027/
§ 047
067 Position along the thruster axis, cm
0.8
RE

FIG. 1. Types of the ion velocity spatial behavior for different
values of the plasma density at the anode. Case Te =Const T

There are two possibilities in determining Vo
and M,. For the same discharge voltage the Hall
thruster as every gas discharge may operate in one
of the two regimes - with and without the anode
sheath. If there is a sheath then, like in Ref [2], we

obtain that M, =- 1. The electron velocity, Vo, in
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this case must be selected in order to obtain a total
voltage drop in plasma equa to a given Vg
Lc

(F(@dz=Vy , where L, is the distance from the
0+

anode to the cathode plane, and “0+” means that
the integration must be produced only over
quasineutral plasma (we neglected a sheath voltage
drop here, because T, at the anode is usualy very

small inarea HT). If there is no sheath and plasma
is quasineutral up to the anode, then Vo =-V ma ,

where V mx is determined only by the electron
digtribution function a the anode (we used

V max =0.4 in our smulations, assuming Maxwellian
distribution). In this case ions accderated in the
presheath toward the anode do not reach the sound
velocity and M, isdetermined by agiven Vv, .

To resolve this indeterminacy we numerically
scanned in the (Vo,M,) plane dong the physically
possible curve, as shown on Fig. 3. We found that
V, and 1, monotonicaly grow as we gradually
transfer from “sheath” to “no sheath” regime. For
V, >V, , where V' corresponds to the point (-V ma ,

-1) inthe (Vo,M,) plane, thereis no anode shesath.
So, for given T, and m the discharge voltage, v, ,
uniquely determines the operating regime and
(Vo,M,). The boundary condition issue is
resolved.

Ay
- Vmax
4

;'T!
T
‘E;‘; 5
=N S
se

o

Small V; and I,
-1
Sheat

FIG.3. A physically possible curve in the (M, ,\_/o) cross-
section of the free parameters space.

V. Solution

The above boundary conditions were used to
determine the free parameters and obtain solutions
with several constant temperatures. It was found
that, like in some other models!® at large
temperatures al of the propellant is ionized in a
very short region near the anode, and at the smaller
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temperatures the propellant utilization, M,

appears to be atypicaly smal for a HT. At
temperatures smaller than a certain lower threshold,
ionization appears to be insufficient for normal
operation of the thruster and it becomes impossible
to build a non-singular solution with supersonic ion
velocity a the thruster exit with any free
parameters.

It was shown that the same approach to
determining the free parameters can be applied in
the case of any given shape of temperature profile,
qualitatively similar to experimental,'® if maximal
temperature, T, , is chosen to be large enough (see
Appendix). We investigated the dependence of the
solution on the shape of the temperature profile, and
for each considered point [V, J,,, B/ (2] in the
typica PPPL HT operational range were able to
determine T, (z) that results in the experimental

vaue of I, and ”nﬂ~1o, which is typica for
0

HT." From the same argument we have determined
the actua value of electron mobility: m,~ (1/8 -
1/6)m, 5", The fact that electron mobility in Hall
thrusters appears to be several times less than the
one obtained with a Bohm diffuson concept was
aso discovered by some other authors.®*"*®

The numerically obtained profiles for Vy =
240V and a mass flow rate of 1.7 mg/s are shown
on Fig. 4. It was found that M,=-1 and

Vo =-006 for such input parameters, so the
thruster operates in a “sheath” regime. The
propellant utilization (about 86%) and potentia
profile were found to be in an agreement with
experiment.”**® We have aso calculated the thruster
performances namely, thrust, T, and efficiency, h,

using the following expressions:
T2
T=S,J;(LJIM,V, (L), h=————.
2dm 14V,

The results also turned out to be in a correlation
with experiment:  T=25mN, h=47."
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FIG. 4 The numerically obtained profiles in a Hall thruster.

ForV =240V, % =17mg/s.

Zero potential was chosen at the channel exit.

z, =352cm, 1, =1.63A
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V. Discussions

The temperature profile found for Vy = 240V

and % =1.7mg/s was used to obtain solutions for

% =1.7mg/s at severd discharge voltages and the
same B, (2) . The numerically obtained thruster V-I
characteristic is presented on the Fig. 5. The V-I
characterigtics with corresponding T,(z) were aso
obtained for the mass flow rates of 2mg/s and
2.5mg/s, and for several channel lengths and widths.
For most of the considered (v,,J,,) in the typical
PPPL HT operationa range the anode sheath
appeared to take place. So, at moderate discharge
voltages M, = -1 can be used as a universal BC for

modeling of a HT, as suggested in Ref. 2. As was

shown, Vo in this case must be selected in order to
obtain adesired V, . The negative ion flux toward
the anode was indeed measured in experiments.”
But for discharge voltages greater than a certain
value, V,*, which increases when the mass flow

rate is increased, sheath disappeared and in order to
obtain a solution it was necessary to use aternative,

“no sheath” type boundary conditions: Vo =-V ma,
M, isdetermined by V,. The “no sheath” regime
was aso observed experimentally®. It was found
thet for the same v,, J,, and B, (2 an absolute

vaue of Vo increases and may even reach V ma
when the channel length from the anode side is
artificially decreased. It was also discovered that
V,*, separating “sheath and “no sheath” regimes,
increases when the eectron mobility is increased.
The presented quasi 2D modd with a given
temperature profileis, of course, smplified and not
completely suitable for a quantitative description of
the red thruster behavior in the experiments.
However, it proved to be useful for a qualitative
analysis and for better understanding of the HT
operation in a wide range of input parameters. The
main results are recognizing a possibility of the
thruster operation without the anode sheath and
presenting a method of determining the thruster
operating regime and the free parameters for a 1-D
modeling. The presented approach involves only
global physical phenomena: anode sheath and sonic
transition. So, it can be suggested that this approach
is applicable for a 2-D modeling, especialy
considering that 2-D effects take place mainly in the
region of a strong magnetic field, far from the
anode. Let us aso notice that the applicability of the
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described approach to determining the free
parameters was shown for different profiles of the
magnetic field, qualitatively similar to the one used
in a PPPL HT. The authors aso believe that the
same approach can be applied for modeling of other
types of Hall thrusters such as segmented electrode
HT and anode layer thruster.** #

18
175 1 Lt
1.7 1
165 -
15 1
155 -
15 1
1.45 -
14 —_——————H
185 195 205 215 225 235 245 255 265

Discharge Current, A

Discharge Voltage, V

FIG. 5. The numerically obtained Hall thruster V -| characteristic.
dm

r =17mg/s.For V4 > 263V there is no anode sheath.

V1. 2-D Potential distribution

A quasi 2D modd can be used to obtain an
approximate 2-D potential distribution. Let us
consider a planar geometry with z-axis aong the
channel median and r-axis in the radial direction.
The ion continuity equation and the radia
projection of the ion momentum equation then
become:

&+& =<sV > nane (9)

iz Ar

where J, and J, are the axial and the radial
projections of the ion flux respectively. We assume
M,
I
J,(20) =0, i.e. that ion flux on the channel median
ﬂ‘]_r: G‘Nall

fr Hg/2'
ion flux to the wall. As was aready mentioned, it

T.(2) .
Guar = 0.55n(20), [~ = ;

electron temperature is assumed independent of r.

for smplicity that is independent of r and that

is purely axial. Then

where G,,, is

can be shown that

8

Thus, we obtain:

qr He | M

: (10)

where n(z) is a plasma density obtained from a

quasi 2D modeling. We assume all the quantities
on a channel median to be those found from a quasi
1-D modeling.

Let us introduce the following normalized
variables: t=riry, u=ej -j(2)/T.(2),
e=qu/1t, Nei =Ne; IN(2) , where

rq :,/Te(z)/4|on(z)e2 , | is eectric potentid,j (2)
is electric potential obtained from a quas 1-D
modeling, and ng; are the electron and ion
densities (we give up a quasineutrality assumption
away from the channel median). We assume a
Boltzman distribution for electrons:

Ne = exp(u) (11)

A quasineutraity assumption made in a 1-D
modeling leads to the following form of a Poisson
equation:

Te/Mt=N,- N, (12)
Using a radia projection of the ion momentum

0V30) W0 oy,
ﬂZ ﬂl‘ i [

together with equations (10) — (12) and neglecting
1,(v,3,) for smplicity, we can deduce the
following approximate expresson for the
normalized ion density:

(1 t)?

e?/2+1- exp(u)’

equation:

(13)

where | =1.1r,(2)/Hy, .

The equations (11) — (13) can be independently
integrated along r in every point on a z-axis with a
local value of r,(z). Since u(0)=0 by definition of
u, we only need to supply the above system with
one more boundary condition on a channel median:
&(z,0) =0. The numericaly obtained 2D potential
distribution is presented on a Fig. 6. The shape of
the equipotentias is found to be in a reasonable
agreement with experiment.*
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FIG. 6. Numerically obtained 2-D potential
dm

distribution. For V; =240V, ry =17mg/s.

Appendix: Selection of the appropriate Tmax

As was mentioned, in order for the described
approach to determining free parameters to work
properly for discharge voltages in the practically
used range, T, for the electron temperature
profile, T (z) =T, *xShapgz) , must be chosen large
enough for a given m. Otherwise, as we move in
the (Vo,M,) plane aong the physically possible
curve from “ Sheath” to “No sheath” region (Fig. 3),
we will find the discharge current to very slowly
increase, whereas the discharge voltage will
significantly decrease. Of course, in thereal HT the
decrease of discharge voltage at the same magnetic
field profile leads to the decrease of a discharge
current and, as was shown before, the decrease of
V, should occur when we move from “No sheath
“to” Sheath region, not on the contrary. It was
shown that at the same mass flow rate the minimal
value of T, depends strongly on the incoming
neutral velocity. Basicaly, if T, for which
solution can be constructed with a certain Vv, is
known, then in order to be able to construct a
solution with another v_,, T must be chosen so

a0’ max

that to keep %W approximately the same.
a0
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